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PREFACE. 



In writing the present treatise on the Integral Calculus, 
the object has l^een to produce a work at once elementary and 
complete — adapted for the use of beginners, and suflGicient for 
the wants of advanced students. In the selection of the pro- 
positions, and in the mode of establishing them, I have en- 
deavoured to exhibit fully and clearly the principles of the 
subject, and to illustrate all their most important results. 
The process of summation has been repeatedly brought for- 
ward, with the view of securing the attention of the student to 
the notions which form the true foundation of the Integral 
Calculus itself, as well as of its most valuable applications. 
Considerable space has been devoted to the investigations of 
the lengths and areas of curves and of the volumes of solids, 
and an attempt has been made to explain those difficulties 
which usually perplex beginners — especially with reference to 
the limits of integrations. 

The transformation of multiple integrals is one of the most 
interesting parts of the subject, and the experience of teachers 
shews that the usual modes of treating it are not free from 
obscurity. I have therefore adopted a method different from 
those of previous elementary writers, and have endftaNOWi^^Xsi 
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render it easily intelligible by full detail, and by the solution 
of several problems. 

In order that the student may find in the volume all that 
he requires, a large collection of examples for exercise has 
been appended to the difierent chapters. These examples have 
been selected firom the College and University Examination 
Papers, and have been carefully verified, so that it is hoped 
that few errors will be found among them. The short intro- 
duction to the Integral Calculus which is given at the end of 
my treatise on the Differential Calculus, has been incorporated 
in the present work so as to render it complete in itself. The 
student has been occasionally referred to the Differential Cal- 
culus for such information as he would require before com- 
mencing the study of the Integral Calculus. 

I. TODHUNTER. 



St John's College, 
March 1857. 
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INTEGRAL CALCULUS. 



CHAPTER L 

MEANING OF INTEGRATION. EXAMPLES. 

1. In the Differential Calculiis we have a system of 
rules by means of which we deduce from any given function 
a second function called the differential coefficient of the 
former ; in the Integral Calculus we have to return from the 
differential coefficient to the function from which it was 
deduced. We do not say that this is the object of the Inte- 
gral Calculus, for the fundamental problem of the subject is 
to effect the summation of a certain infinite series of inde- 
finitely small terms ; but for the solution of this problem we 
must generally know the function of which a given function is 
the differential coefficient. This we now proceed to shew. 

2. Let ^ {x) denote any function of x which remains finite 
and continuous for all values of x comprised between two 
fixed values a and h. Let x^y x^,.,. x^^ be a series of values 
lying between a and J, so that a, x^^ x^, '"^n-i, b are in order 
of magnitude ascending or descending. We propose then to 
find the limit of the series 

{x,'-a)(t> {a) + {x^''X,)<f> {x;} + {x,-x;)^ {x^) 

when cCj — a, x^ — x^, ... J — aj^j are all diminished without 
limit, and consequently n increased without limit. 

Put ajj — a = Aj, x^ — x^=h^, ... J — a?^i = A„; thus the series 
may be written 

h^^{a) + h^^{x^)... + h^^<f>{x^^) + K(t>{x,^^), 
^ T. I. C. 1 
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and may be denoted by Sh(f>{x), for it is the sum of a number 
of terms of which A6 {x) may be taken as the type. Since 
each of the terms oi which h is the type may be considered 
as the difference between two values successively ascribed to 
the variable x, we may also use the symbol (f> {x) Ax as the type 
of the terms to be summed, and S<f> {x) Ax for the sum. 

We may shew at once that 2^ (x) Ax can never exceed a 
certain finite quantity. For let A denote the numerically 
greatest value which <j> {x) can have when x lies between a 
and b ; then 2^ (a?) Ax is numerically less than (A^ + A, + ... 
+ An) -^) that is less than (b — a) A. 

We now proceed to determine the limit of 2 A (x) Ax. Let 
'^/r(ic) be such a function of x that (b(x) is the differential 
coefficient of it with respect to x. Ihen we know that the 

limit of -^ ^ — Tw ^i^^n h is indefinitely diminished is 

(t>{x). Hence we may put 

ir{x,)-^|r{a) =AJ<^(a) + pj, 



'^ (^n-i) - -^ (^n-a) = ^«-l ['!> (p^n-2) + Pn-i), 
t (*) - t (a^n_i) = K {<l> (^n_x) +Pn}, 

where Pi, Pg? ••• Pn ultimately vanish. From these equations 
we have by addition 

ylrib) —ylr (a) = l,<f> {x) Ax + 2A/3. 

Now 'thp is less than {b — a) p where p denotes the greatest 
of the quantities Pj, Pa? ••• Pn ; hence 2Ap ultimately vanishes, 
and we obtain this result — the limit of S(f> (x) Ax when each 
of the quantities of which Ax is the type diminishes indefinitely 
is "^{b) — '^^(a). 

3. The notation used to express the preceding result is 

I <l>{x) dx = 'slr{b)—'\lr (a) ; 

the symbol / is an abbreviation of the word " sum," and dx 
represents the Ax of 2^ {x) Ax. 
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4. Suppose that A^, A^, ... A„ are all equal; then each of 
them is equal to , and x^ is equal to a + - (J — a). 



w w 



Hence I <j>{x) dx is equivalent to the following direction — 

J a 

" divide J — a into n equal parts, each part being h; in ^(a?) 
substitute for x successively 

a, a + h, a + 2hy ... a+ {n — l)h; 

add these values together, multiply the sum by h and then 
diminish h without limit." K these operations are performed 
we shall have as the result yjr{b) — -^(a). 

5. A single term such as (f> (x) Ax is frequently called an 
element. It may be observed that the limit of X(f) {x) Aa? will 
not be altered in value if we omit a Jinite number of its 
elements, or add a finite number of similar elements; for 
in the limit each element is indefinitely small, and a jflmte 
number of indefinitely small quantities ultimately vanishes. 

6. The above process is called Integration; the quantity 

I ^{x)dx is called a definite integral, and a and h are called 

the limits of the integral. Since the value of this definite 
integral is '^(6) — -^(a) we must, when a function ^(a?) is to 
be integrated between assigned limits, first ascertain the 
function '^ (x) of which ^ [x) is the differential coefficient. To 
express the connexion between ^ (a?) and y^ [x) we have 

and this is also denoted by the equation 

|^(a?)<fo? = '^(a?). 

In such an equation as the last, where we have no limits 
assigned, we merely assert that -^(a?) is the function from 
which <l>{x) can be obtained by differentiation; -^(a?) is here 
called the indefinite integral of ^ (a?). 

1—2 



4 APPLICATION OF INTEGRATION. 

7. The problem of finding the areas of curves was one 
of those which gave rise to the Integral Calculus, and fur- 
nishes an illustration of the preceding articles. 




JH^ 



je> 



Let DPE be a curve of which the equation is y = ^(aj), 
and suppose it required to find the area included between this 
curve, the axis of a;, and the ordinates corresponding to the 
abscissae a and h. Let OA = a, OB = h ; divide the space 
AB into n equal intervals and draw ordinates at the points 
of division. Suppose OJf= a + (r — 1)A, then the area of 
the parallelogram PMNp is 

h^[a+ (r-l)A}. 

The sum foimd by assigning to r in this expression all values 
from 1 to n differs from the required area of the curve by 
the sum of all the portions similar to the triangle PQp, and 
as this last sum is obviously less than the greatest of the 
figures of which PMNQ is one, we can, by sufficiently 
diminishing A, obtain a result differing as little as we please 
from the required area. Therefore the area of the curve is 
the limit of the series 

A[<^(a)+<^(a + A)+<^(a + 2A) <^{a+ (w- 1)A]}, 

and is equal to '>^{b) ~'<|r(a). 

8. If -^^ {x) be the function from which <\> {x) springs by 
differentiation, we denote this by the equation 



h 



(j>{x) dx = '>lr{x), 
and we now proceed to methods of finding ylr (x) when ^ (a?) is 
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given. We have shewn, Dif, Cah Art. 102, that if two functions 
have the same differential coejficient with respect to a vari- 
able they can only differ by some constant quantity ; hence 
if 'y^ {x) be a function having <^ (x) for its differential coeffi- 
cient, then '^ [x) + G, where C is any quantity independent 
of a?, is the only form that can have the same differential 
coefficient. Hence, hereafter, when we assert that any func- 
tion is the integral of a proposed function, we may if we 
please add to such integral any constant quantity. 

Integration then will for some time appear to be merely 
the inverse of differentiation, and we might have so defined 
it ; we have however preferred to introduce at the beginning 
the notion of summation because it occurs in many of the 
most important applications of the subject. 

9. Immediate integration. 

When a fanction is recognized to be the differential coeffi- 
cient of another function we know of course the integral of the 
first. The following list gives the integrals of the different 
simple functions : 



/ 






m + 1' 



/ 



dx , 

— = log X, 






(fdx — 



log,a ' 
^dx = e*, 






sin a: daj = — cos cc, 



cos a? da? = since, 
dx 






« =tana;, 
cos a? 



dx 

T-j- = — cot aj, 
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/. 



dx . _, a? 

= sin ^ - 



»J{d^'~a?) a 



h 



dx 1 . _.x 
= -tan - . 



c^ + a? a a 

10. IrUegration hy avhstitutwn. 

The process of integration is sometimes facilitated by sub- 
stituting for the variable some function of a new variable. 
Suppose <^ {x) the fimction to be integrated, and a and h the 
limits of the integral. It is evident that we may suppose 
a; to be a function of a new variable z^ provided that the 
function chosen is capable of assuming all the values of x 
required in the integration. Put then x =f{z)^ and let of and 
1/ be the values of z, which make f{z) or x equal to a and h 
respectively; thus a=f{af) and b =jf{b'). Now suppose that 
yft (x) is the function of which <f> (x) is the differential co- 
efficient, that is (l>{x)= ^7 ; then 



J a 



<f>{x) dx='>lr{b)''ylt (a) 

=^{/(*')}-t{/(«')}. 

But by the principles of the Differential Calculus, 



dz 



therefore ^{f{b')} - tl/Ml = f <l> {/(^)l/'(^) dz 

/* f^' dx 

thus 1 <f>{x) dx—l (f) [x) -T- dz. 

This result we may write simply thus 

r f dx 

j<l>{x)dx=j(f>{x)-^dz, 

provided we remember that when the former integral is taken 
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between certam limits a and J, the latter must be taken 
between corresponding limits a' and h\ 



I 



11. As an example of the preceding article let 

— jjT oT- be required. Assume x = , thus 

X »J{2ax —or) ^ l—z 

dx _ a , f dx r 1 ^ , 

& ~ (1 - 2?)* ' ^^ J X \/(2aa; - a*) "" J a; V(2aa; - a^) dz 

{ dz _ ^ f ^^ 

"j a V{2 (1- «) " (1 - zf] "■ ai \/(l - ^') 

1 . _i 1 . _, a? — • a 

= - sm ^s = - sm . 

a a 0? 

Here we have found the proposed integral by substituting 
for X in the manner indicated in the preceding article. This 
process will often simplify a proposed integral, but no rules 
can be given to guide the student as to the best assumption 
to make ; this point must be left to observation and practice. 

12. Integration hy parts. 
From the equation 

d {uv) _ dv du 
dx dx dx 

we deduce by integrating both members, 

[ dv J f du J 

therefore lu-j- dx = uv'-^ jv -j-dx. 

The use of this formula is called " integration by parts." 
For example, consider / x cos ax dx. Since 



uv 



cosoaj= - 



1 d. sin. ax 



a dx 
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we may write the proposed expression in the form 

X d.&in ax , 

- CtXy 



- 

J a 



a dx 
and this, by the formula, is equal to 

X sinax f&inaxdx , 

/ Y-.dx 

a ] a dx 

^x smax r sin oa; , 

a J a 

X sin ax cos ax 
a a 

r. , ra?d.&max. 
Again, jar cos axdx = I -j dx 



or Bin ax [2x . 

= —SI 

a J a 



ain axdx 



0? sin axe f2xd. cos ax 



im ax f2x 

r I 2" 
a J a 



dx 



dx 



a? sin ax 2x cos ax /* 2 cos ax 

a c? J c? 

a? am ax 2x cos ax 2 sin oo; 
a or a 



dx 



A • /" «. • 7 faiiiaxd.e^j 
Again je^ sm axdx = \ -^ — dx 



amax ^ f ae^ cos ax , 

er — I dx 

c J c 

sin ax ^ [a cos dx d.ef^ j 

e — I 5 y — dx 

c J <y dx 



sin dx a cos ax f a^sinax ^^ 
£/ *~" Q €f ■" I a 6 ax» 



c c« 



By transposing, 

f 1 + -j| j^ sin axdx = — (sinoa; — cosaa;), 
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., ^ r«. • 7 e^ (c sin ax — a COS ax) 

tnereiore i e** sin axdx = — ^ 3 s . 

J a' + c' 

Similarly we may shew that, 



/■ 



eT'cosax 



, __€f{c cos aa? + a sin ax) 
a +c 



13. The differential coefficient of any function can always 
be found by the use of the rules given in the former part of 
the book, but it is not so with the integral of any assigned 
ftinction. We know, for example, that if w be any num- 



f x' 

ber, positive or negative, except —1, then jx'^dx = — 

b 

/ 



m+1 ' 
but when m = — 1 this is not true; in this case we have 

uX 

— = log X. K however we had not previously defined the 

X 

term logarithm, and investigated the properties of a logarithm, 
we should have been unable to state what function would 

give - as its differential coefficient. Thus we may find our- 

X 

selves limited in our powers of integration firom our not 
having given a name to every particular function and investi- 
gated its properties. 

In order to effect any proposed integration, it will often 
be necessary to use artifices which can only be suggested 
by practice, 

14. We add a few miscellaneous examples. It should be 
noticed, that <^i(a;) and ^J^x) being any functions of a?, 

j{<^i(aj) + ^5,(a;)} dx =j^^{x) dx+jil>^{x) dx, 

or at least the two expressions which we assert to be equal 
can only differ by a constant; for if we differentiate both 
we arrive at the same result, namely ^^(a?) + <^2(^)* 

Ex. (1). [V(a' - aj") dx. 
y{(^-^dx^x^[a''-a?)^^-j^^^, by Art. 12, 
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therefore, by addition, 

therefore h{a'-a?)dx = '^^^(^'-'^ + ^ ain"' - . Art. 9. 

Assume V(^ ■^c?)—z — x^ 

therefore c?=iz^ — 2zx, 

dx z — x 
dz^ z ' 

XT [ dx fl dx y fdz . 

= log {a; + V(a3' + «')}• 

As in Ex. (2), we may shew that the result is 

log{x+>s/{a?-a% 

Ex. (4). j»/{a^ + a') dx. 

hia? +a')dx = x>^{a? + a') - [— ^^ by Art. 12. 

Also j^ia>+a^dx=f-^;^dx=j^^^^ + '"ItW^)' 
therefore, by addition, 

2J^/{a? + a')dx=:x^/{a? + a')+ a'J-^^^-j^ ; 

therefore JA/{a? + a^dx = '"^^'^''' ""'^ + ^ log {x + V(a!'+ c^]- 



^^•(^•) fwa 
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dx 



is/{a-\-hx-\'Ca?) ' 

t dx 1 / * dx 

} \/{a-\-hx-\-ca?) \/cj'/(a\Tx~' X 



dx 







i» + 



i>\\ 



2cJ ^ 4c* 



Putting aj + r- = «, our integral becomes, by (2) and (3), 

-J- log [2cx-\-h 4- 2 Vc \/{a + hx + C3i^}, 

where we omit the constant quantity -r- log 2c. 

^ c 



Ex. 



<«>• /t?? 



dx 



f dx 1 f dx 

Jf^^a+bx — ca?) "^ f^cj I (a 



^7^?^ 



~>jcy 



dx 



Put A* for — --^ — and ^2 for a? — r- , thus the integral be- 
^^""^ 173 /v(/-^) ' -"^tich gives ^^ sin-' I , or 



1 . 1 2caj--J 



Vc V(4ac + i') 



Ex. (7). /; ^'^ 



~y' JxAj{a? — a^) ~']x's/{x^-c?) dy ^ 
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( <^y 1 f ^if 



1 • -1 

= — sm «f 

a ^ 



1 . _i a 
= sin - . 

a X 

Since sar^ - + cos"* - = — , a constant, we may also write 



our last result thus 



( dx 1 ^a 

I — 77-5 ST = - cos - • 



x^{a?^(f) a 



^^(®)- Ittwi^)' 



By patting z = - , as in Ex. (7), we deduce for the 
required result 

ll a; 

a ^a + V(o*±aO' 

r dx ^ i_ 1 

These axe obvious if we differentiate the right-hand 
members. 



^•(i«)- /A- 



Jar — or 2aJ\a; — a x + aj 

— A- f ^ L f ^ 

2ajx — a 2ajx + a 
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= ^log(x-a)-llog(a; + a) 

_ 1 , x—a 
"'2a- ^^ x-\-a' 

This supposes — — positive; if be negative, we 

3/ "t" O/ X "t" (t 

must write 

dx 1 , a — x 



f dx 1 , 



X—a 2a ® a 4- a? 



^-(^^)- /aTTO- 



f (fe If 



dx 






If — —2 — be negative, we obtain the integral by Ex. (10), 

namely 

1 , 2cx-{-b- »J{V - 4ac) 

V(&' - 4ac) ^^ 2ca; + i + V(6' - 4ac) ' 

If — 272 — 1^^ positive, then by Art, 9, the integral is 

2 ^_2c^_+J_ 

Ex. (12). f ^^+-^ dx. 
^ ' Ja + bx + cx"^ 



dx 



r Ax + B ^_ p^"^2^^^"""2^ 
Ja + bx + cx^ J a-\-bx-\-ca? 

A r 2cx + b J fj. Ab\ f dx 
'~ 2cja + bx + cixf \ 2cJ Ja+bx+cx^ ' 

.A 
The former integral is — log {a + bx-h ca?)j and the latter 

has been found in Ex;. (11), 
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Ex. (13). l-^. 
^ ^ J COS a? 

r dx fcoaxdx f dz .« 

= 2 — = hi a , if « = sm a:, 

Jcosx J cos' a; Jl-r' 

- , 1 + sin a? , ^ /tt x\ 

= t l<>g :i ^^ — = l<>g cot -T — - . 

* °l-sma; ° V4 2/ 

Similarly I -. — = log tan - . 

Ez.(14). /- ^ 



4- b COB X ' 
dx f dx 



r dx r 

ja + J cos a; ""J / . o^ . 2^A . l/ o^ • o^ 

a sin - + cos - + ^ ' 



=/■ 



sec^ - dx 



X 

a 4- i + (a — J) tan* - 



-A- 

Ja 



dz •/» X ^ 

n z = tan - . 



+ b+{a'-b)z^' " " — 2 
Hence, if a be greater than b, the integral is 

// 7\ ^ tan-.V(« — i) 



tan — ./ . ,/ or —rrs — tot tan" 



^/{a^ - b') V(a + b) ^{a' - ^ V(a + *) 

and if a be less than 5, 

1 , «V(*-«) + \/(i + a) 



^/{b''^a')^z^{b-a)''^/{b + a)' 

X 

. V(* — a) tan - + \/(i + a) 



or .//!.» »^ log 



'^(*' "'^ V(6 - a) tan f - V(i + a) 



EXAMPLES OF INTEGRATION. 15 

In any of these examples, since we have found the in- 
definite integral, we can immediately ascertain the definite 
integral between any assigned limits. For example, since 



/; 



therefore 



^ = log {a + V(a^ + «*)}, 



/. 



5. = log [2a + V{(2a)» + c?]} - log {a + V(a' + a«)} 






15. The integral jaf'''^{a-\-hx''Ydx can be found imme- 
diately in two cases. For assume 



1 
therefore x = [ — j- 



d^ _ qf2. /'^_Z5^" 



I 



Hence x"^"' (a + iic")«rfa; = Ja:^-^ {a + ^^j")'^ ^^ 



-s/ 






w ... — -1 

K — Je a positive integer we can expand (^ — a) ** in 

a finite series of powers of t, and each term of the product 
of this series by ^^^ will be immediately integrable. 

Again, jx'^''{a + bxydx=jx^^~\ax-^ + b)hx; 

and by the former case, if we put ax^ + i = ^, this is im- 
mediately integrable if 

d 



— 7* 
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be a positive integer ; that is, if - H — he a negative integer. 

In the first case, if — were a negative integer the integral 

might still be found, as we shall see in the next chapter, and 

similarly, in the second case, if — \-^ were &, positive integer: 

but as in these cases some further redjictions are necessary, we 
do not say that the expressions are immediately integrable. 

Ex. (1). la? [a -^ x)^ dx. 

Here — = 3 : assume a + a? = ^ ; the integral becomes 
n 

2 {{f - ayedt or ^{{f - 2af* + aV) dt, 

which gives 

^ {f 2af aY) 

thus |aj«(a + a;)idb = 2(a + a;)*|^^^-y(a + a^)+|]. 



Ex 



•'a; (1 



x'{l + x')^' 
Here 7n = -l, w = 2. 



q 2' 



therefore 



n q 



Assume x'^ + l = ^; 

therefore ^ = fZTi ' 

dx __ t 
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dx 
Also I T = i i cZi- 

dx . f 

Substitute for x and -^ their values, and this becomes — Idt^ 

which = — < or — -^--^^ ^ . 

X 

_ p s 

Here w = l, w = 2, - = — :r, 

y 2 

therefore — h — = — 1. 

Assume a^x"^ + 1 = ^, 

therefore a^= «* 



f-1' 
dx at 



dx 






X 



aWia' + oT)' 



EXAMPLES. 



1. I V(2aaj —a^dx= ^-r-^ \/(2aa; — a^ + ^ sin"' - — - . 

2. /log a? da? = x (logo? — 1). 



T. !• C. 
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3. lx*losxdx= -\\osx -[ , 

4. [Omiede^-e cos + sin 0. 

6. Ia /( jdx = ^{7nx + a^) +mlog{\/x-{'^/{m + x)}. 

This may be found by putting x = «'. 

7. jx tan"*aj dx = — - — tan"^a: — ^ a?. 

r ^x 

8. I (1 — cos a;)*cfcc = — — 2 sin a? 4 

f a^ ^ 1 1 

^ fa?dx 1 , a^ + x^ 



sin 2a; 



r dx _ • -1 

• JV(l-3a;-a;*)"®^ 



_, 3 + 2a? 



V(l - 3a; - ar*) " Vl3 * 



• I-tt:; a\- = — V(2aas — a?) + a vers"* - . 

JA/(2aa;~a;*) ^^ ' a 



r da? 

. ri + cosa? , 1 / , • \ 

4. I ; — oa? = loff (a; + sin a;). 

J a; + sin a? ^ ^ 

fa; + si 

■'■!-. 



sma; 7 ^ a; 

ax = x tan - . 

cos a? 2 



a; (log a;)* (/i - 1) (log a;)*"^ ' 
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J7^ j^^^^S^^ dx = logx. log (log a?) -log a?. 

18. /^T;^=i-^'^+*^''si^-^^(^-^)J- 



V(a:'-1) 

rt^ f-- . , e'^ asin(m+n)X'-(m+n)co&(m-\-n)x 

20. (e"*sin«ia;coswicaa?=— ^^ ^5 — 7^ — : — r^ — ^^ — 

J 2 a + {m + n) 

^ a sin (^n — n) a? — (m — n) cos (m — n) a; 

21. I e~* cos'a? dx = \\e* (cos 3a; + 3 cos a;) da; 

= 777 (3 sin 3a5 — cos 3a;) + —rr— (sin a; — cos a;). 
40 o 

23. rV(2aa;-ai^da; = ^. 

r2« a; 

24. I vers"*- dx = Tra. 

yo ^ 

Proceed thus — ^let vers"* - = ^j therefore a; = a (1 — cos ^), 

a 

and the integral becomes I a^sin^tZ^. 

25. I a;vers"*-d!r = — 7~ . 
Jo a 4 

26. / a?vers'"*-dl2; = 

Jo 



22 







a 6 



27. f Bin'^cos'^tZ^ = ^. 



i ^— ^ 



20 



28. 



29. 
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k 



dx 



sm X + cos 



-=-Llogtan(| + r). 



f dx 

]x^{a + bx + C3?) ' 



CO?) 



30. 



Pat x = - and this becomes a known form. 

y 

Nil-^) . _, , sin-'xfl-a^* 1 

\-^^ J ^Sm Xdx = ;7-j - — 

J X* ia? 6a!" 

This may be obtained by putting sin"' a; = 6. 



log as 



/sm X 
i dx = tan + log cos 0, where sin = x. 



32. 



33. 



r dx 



4( 



COt^ + 



cofg \ 
3 J' 



Ja + bcos^x \ ab^ J 



where a; = a cos d. 



\/(a + 6) b' 



34. jaf^{a + baf)dx^(^^^--^^{a + ba^*. 
OK f ^ _ (2a^-l)V(l + a?') 



;./ 



36. tiien^0d0 = 



oT 



t-1 



X 



.9i»-8 



X being = tan d. 



37. Shew that I sin wiizr sin wa; db? and 1 cosmx cos nxdx 
are zero if m and n are unequal inieffers, and = ^ if 



m and n are ejzMi^ integers. 



88. fjlog Ql'efo = x jlog g)!'- 8a; Jlog 4 + 6a; log | - 6x. 
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39. l-TTz 2x dx = --'-'6 tan — loff cos 0, where cot ^ = a;. 

rgoj^ //g-^N ^ ^ _^ 2a V(a - a:) 

. I vers'- . v2 

42. ( ^; = -rz oT COS 'C, if C IS < 1. 

IT 

43. [' c-» cos'^ d0 = ^(e' + e'S. 



S 



I — 7^ -^ ^^ ' Assume « = «+- . 



V(l + 3a;' + a;*) 



45. I ^^ . Assume a + bx ^ z \ 

J X 
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CHAPTEE 11. 

RATIONAL FRACTIONS. 

16. We proceed to the integration of such expressions as 

A-i-Bx+Ca^...+ Nx'' ' 

where -4, B,... A', B\,,. are constants, so that both numerator 
and denominator are finite rational ftmctions of x. If m be 
equal to w, or greater than n, we may by division reduce the 
preceding to the form of an integral function of x, and a 
fraction in which the numerator is of lower dimensions in x 
than the denominator. As the integral function of x can be 
integrated immediately, we may confine ourselves to the case 
of a fraction having its numerator at least one dimension 
lower than its denominator. In order to efiect the integration 
we resolve the fraction into a series of more simple fractions 
called partial Jractions, the possibility of which we proceed to 
demonstrate. 

Let -p- be a rational fraction which is to be resolved into a 

series of partial fractions; suppose Fa function of x of the 
n^ degree, and U a function of x of the (n—l)^ degree at 
most ; we may without loss of generality suppose the coeffi- 
cient of aj** in Fto be unity. Suppose 

V=:{x-a){x^bY(a?-2(xx + a:'+^){x^-'2yx + rf + ^y, 
so that the equation F= has 

(1) one real root = a, 

(2) r equal real roots, each = b, 

(3) a pair of imaginary roots a ± /3 V(~ 1)> 

(4) 8 pairs of imaginary roots, each being 7 ± S V(— 1). 
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By the theory of equations V must Be the product of factors 
of the form we have supposed, the factors being more or fewer 
in number. Since Kis of the n^ degree we have 

Assume 



V x-a' {x-^lj^ {x-iy-^^ (x^h)"^ ' x-h 

Cx + D 



+ 



a?-2aa:+a* + /3« 



JE,x + F, JE^ + F, E^ + F. 

where -4, B^^ -Bjv C', 2), ^j,... are constants which, in order 
to justify our assumption, we must shew can be so determined 
as to make the second member of the above equation identi- 
cally equal to the first. If we bring all the partial fractions 
to a common denominator and add them together, we have V 
for that common denominator, and for the numerator a func- 
tion of a? of the (n — 1)"* degree. If we equate the coefficients 
of the different powers of x in this numerator with the cor- 
responding coefficients in Z7, we shall have n e^mxitions of the 
first degree to determine the n quantities A, B^, S^,... and with 
these values of -4, B^, B^,... the second member of the above 

equation becomes identically equal to the first, and thus -^ 

is decomposed into a series of partial fractions. 

K V mvolves other single factors like x — a, each such 

A 

factor will give rise to a fraction like , and any repeated 

X ""~ a 

factor like {x — hy will give rise to a series of partial fractions 

B B 
of the form , — K^^ j —^^ , &c. In like manner other 

[X "^ Oj iX "~" Oj 

factors of the form a!? — 2(xx + a* + ^ or {a? — 2yx+rf^S^» 
will give rise to a fraction or a series of fractions respectively 
of the forms indicated above. 

17. The demonstration ^ven in Art. 16 is not very satis- 
&ctory9 cance we have not proved that the » equations of the 
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first degree which we use to determine -4, -B^, 5,,... are tWle- 
pendent and consistent 

A method of greater rigour has been given in a treatise on 
the Integral Calculus by Mr Homersham Cox, which we will 
here briefly indicate. Suppose F{x) to contain the iactox 
X'-a repeated n times; we have, if 

F{x)^{x--aY^[x), 

<f>{x)^ <f>{x) »^"^^ ^(g)^^"^^ . ^{a) 

F(x) {x-aY'^^ix) {x-ayylr{x) "^(aj-a)*' 

Now 6 (x) — , ) i yfr (x) vanishes when x = a, and is there- 

^ ^ Y[a) ' ^ 

fore divisible by x—a; suppose the quotient denoted by x(a;), 
then 

<^(a?) _ XJx) ^{a) 1 

i^(x)""(a:-ar^f (ir)'^f (a) {x-aY* 

The process may now be repeated on . ^ ^.^^^ . . . , and 

thus by successive operations the decomposition of ^t\ 

completely effected. In this proof a may be either a real 
root or an imaginary root of the equation F{x) = 0\ if 
a = a+^V(— 1)> then a— iS\/(— 1) will also be a root of 
jP (ic) = ; let h denote this root, then if we add the two 
partial fractions 

0_(?) 1 ^^a Ml ^ 

^ (a) [x - ay yjr {b) {x - b^ ' 

we shall obtain a result free from V(— !)• 

18. With respect to the integration of these partial 
fractions we refer to Examples (9 — 12) of Art. 14 for all 

Lx + i6r 

the forms except 7-= — ^ — K^r=:, and this will be given 

hereafter. 

Having proved that a rational fraction can be decomposed 
in the manner assumed in Art. 16, we may make use of 
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different algebraical artifices in order to diminish the labour 
of determining -4, B^, B^, &c. The most useful consideration 
is, that since the numerator of the proposed fraction is identi- 
cally equal to the numerator formed by adding together the 
partial fractions, if we assign any value to the variable x the 
equality still subsists. 

19. To determine the partial fraction corresponding to a 
single factor of the first degree. 

6 (x) 
Suppose -^Tj-i represents a fraction to be decomposed, and 

let F{x) contain the factor x — a once; assume 

F{x)'x-a^^lr{x) ^^^' 

where -4 is a constant, and 44-( represents the sum of all 

A 

the partial fractions exclusive of , and F{x) = (x—a) y^ (x). 

x^^a 

From (1) 

^{x)=:Aylr{x) + {x-a)x{x) (2). 

In (2), which holds for any value of a?, make x = a, then 

.^(a)=^t(a), 

therefore A = , \ { . 

Since F'{x) =yft{x) + {x — a) '^'(aj), we have 

jf^'(a)=t(«), 

therefore A = ^,\ \ . 

F (a) 

20. To determine the partial fractions corresponding to a 
factor of the first degree which is repeated. 

Suppose F{x) contains a factor x — a repeated n times, 
and let F{x) = (a: — a)** yjr (a?) , Assume 
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<f^<x)_ A A A, A^ xi^) 

F(i)^ {x^ay^ (x^a)"^'^ (x^a)^^ '^ x-a'^ ^|r{xy 

where ?4-t denotes the sum of the partial fractions arising 
^lr{x) . 

from the other factors of F{x). Multiply both sides of the 

<b (x) 
equation hy {x — a)** and put/ (a?) for ^^ {x — a)* ; thus 

-T [X) 

fix) ^A,+A,{x-a)+A,ix-ay...+A,{x-ar'+^^ {x-a)'. 

Differentiate successively both members of this identity and 
put x=ia after differentiation; then 

/ W = A. 

f (a) = A, 
/'(a) = 1.2 A, 

/"(a) = 18 A, 



f^-'{a)=[n^A,. 
Thus -4 J, A^,...A^ are determined. 

21. To determine the partial fractions correspondinff to « 
pair of imaginary roots which do not recur, 

d> Ix) 
Let ^^f-\ denote the fraction to be decomposed; and 

a + ^ \/(— 1) a pair of imaginary roots ; then if we denote 
these roots by a and h and proceed as in Art. 19, we have 
for the partial fractions 

IW _J_ «nrl M) JL 

F\a)x--a ""^^ F{h)x^y 
Suppose %^j-\ — A—B V(— 1) ; then since J^.^. may be 
obtained from %Tr\ by changing the sign of V(— 1)> ^® 

must have %rpr: = A + B k/I— 1). Hence the fractions are 

J^ {o) » \ / 
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aj-a-)8V(-l) i»-a + i8V(~l)' 

and their snin is 

2A{x-'a)-h2B/3 
{x^ay + ^ ' 

22. Or ^e may proceed thus. Suppose a? — px +g to 
denote the quadratic factor which gives rise to tne pair of 
imaginary roots a ± ^ V(— 1) ; then assume 

(f> (x) __ Lx + M X (^) 
F{x) x^ —px + J '^ (a:) ' 

so that jP(a;) = (a? — ^a? + y) i^ (aj). Multiply by F{dS) ; thus 
^{x)=^ {Lx^ M) '^(x) ^- {^ --px-\- q) x{x) (1). 

Now ascribe to x either of the values which makes 
a;?' —px + €[ vanish ; then (1) reduces to 

^ {x) = {Lx^M) '^ (x) (2). 

Now by the repeated substitution oi px — q for a? in both 
members of (2), we shall at last have x occurring in the first 
power only, so that the equation takes the form 

Px+Q = Fx+Q'. 

Now put for X its value aL-\-^sJ{—l) and equate the co- 
efficients of the impossible parts; thus 

P=P* and therefore also $= Q\ 

Here P and Q are known quantities, and P' and Q involve 
the unknown quantities L and M to the first power only, so 
that we have two equations of the first degree for finding L 
and Jif. 

23. To determine the partial fractions corresponding to a 
pair of imaginxxary roots which is repeated. 

We may proceed as in Art. 20. Or we may adopt the 
following method. Suppose a?—px-\-q to be the quadratic 
fector irtiich occurs r times; assume 
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4>{x) ^ L^ + M^ Lr_^x-\-M^^, L.x + M^ XJx) 

F{x) {a?-px^-gy'^ {p(?-px+qY'' "^ af-px+q'^ '^(xY 

so that F{x) = {x^ —px + qY yfr (x). Multiply by F{x) ; thus 

<f>{x) = (i^ + Jf,) ^(ic) + {L,_^x + M,J {a? " px + q) ^It {x) 

+ + {x^'-px + qYxi^) (!)• 

Now ascribe to x either of the values which makes 
a^ — px + q vanish; thus the equation reduces to 

<f>{x) = {L,x + M,)'>lt{x). 

Proceed as in Art. 22, and thus find L^ and M^. Then from 
(1) by transposition we have 

(f>{x)'-{L^x-{'M^) ylr{x)= (j&^_ja? + lC_J(aj'-pic + j)i^(a;)+... 

The right hand member has a^—px+q for a factor of every 
term ; hence as the two members are identical we can divide 
by this factor. Let ^i{x) indicate the quotient obtained on 
the left ; then 

^,{x) = {Lr_^x + M,^^ ylr{x) + {L,_^x + if^ J {^ "P^ + ?) "^N 

+ + {x''-px + qr'x(p^) (2)- 

From (2) we find j&^_j and ^_j as before ; then by transpo- 
sition and division 

(|>^{x) = {L,^+M,_,)yfr{x) + {L,^x+M,_,){a?--px+q)^|r{x) + 
and so on until all the quantities are determined. 

24. Take for example -^-^-^ -— vjn — -— r^ . Assume it 

equal to 

X,cc4M, L,x + M^ , XJx) . 

{ai' + x-i-lY x' + x + l'^ {x + lY' 
then a?'-'3x-2 = {L^x + M^){x + lY 

+ {L,x+M,){a? + x+l){x+lY+{a^+x+iyx{x) W- 
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Suppose aj* -h a; + 1 = ; thus the equation reduces to 

= {L^x + M^) {a? + 2a; + 1). 
Put — a? — 1 for of; thus 

— 4a; — 3 = {L^x + JiQ x = L^a? + Ji^ 

therefore — 4 = — i^ + Jf^, and — 3 = — i, ; 

thus ij = 3, and Jf^ = — 1. 

From (1) by transposition 
a;' - 3a; - 2 - (3a; - 1) (a;+ 1)' 

= (i,a; + ifj(a;' + a;+l)(a; + l)" + (a;^ + a;+l)»x(a?). 

The left hand member is — 3a;' — 4a;* — 4a; — 1 ; divide by ' 
a;* + a; + 1 ; thus 

--{Sx + l) = {L,x + MXx+lY-h{^ + x + l)x{x) (2). 

Again, suppose a;* + a; + 1 = ; thus 

-3a;-l = (X,a; + Jfj)(a;* + 2a; + l) = {L^x + M^)x 
= '-L^{x+l)+M^x; 
therefore — 3 = — Z^ + M^, and — 1 = — X^ ; 

thus j&j = l and ilfj = — 2. 

Thus the partial fractions corresponding to the quadratic 
factor are found. The partial fractions corresponding to the 
factor (a; + 1)' may then be foimd by Art. 20. Or we may 
from (2) by transposition and division by a;' + a; + 1 obtain 

Thus 
Xix) x-l x+1 2 1,2 



(a;+l)* {x+lf (a;+l)«^(a;+l)' x+1 (a; + l)»' 

therefore 

a;'-3a;-2 3a;- 1 _ a;-2 2 1 



{^+x-^l)'{x+iy {a^+x+lf^ ai'+x+l^ {x+iy x + l' 
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5*c* + 1 
25. Examples. Required the integral of --^ — 

OCT """ oX "T" ** 

By division we have 

5x^ + 1 , ,, 35a;-29 



. 35a; -29 ^ . ^ 
Assume -r — = r + 



therefore 35a; - 29 = ^ (aj - 2) + 5 (a; - 1). 

Make x successively equal to 1 and 2 ; then 

35-29 =-^, or ^ = -6, 
70-29 = ^, or 5= 41 J 

. . 5x^ + 1 .... 6 41 

therefore -« — - — —^ = 5a; + 15 + 



a;^-3a; + 2 a;-l a;-2' 

r 5a;^ + 1 5a^ 

therefore I » , o ^^'^'o — ^■15a; — 6 log(a;— 1)4-41 log (a;-2). 
J ar--~oa;-T-ia ^2 

■D • ;i ^i, • ^ 1 ^ 9a;*+ 9a;-128 
Required the integral of ^3,5^^3^^^ . 

Since a;' — 5a;'* + 3a; -f 9 = (a; — 3)* (a; + 1), we assume 

9a;' + 9a; -128 _ A B^ 1 ^« - 

a;^-5a;'+ 3a; + 9 ■"a;+ 1 "^ (a;- 3)' a;-3' 

therefore 9a;»+9a;-128=^(a;-3)»+^,(a;-f l)+5j(a;+l) (a;-3). 

Make a; = 3 and — 1 successively, and we find 

£^ = -5, ^ = -8. 
Also by equating the coefficients of a;', we have 

9=^+5,, 
therefore -B^ = 17 ; 

therefore 
r 9a;' + 9a; - 128 ^ ^1 , ^n. ^ .,^1 / o\ 
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a^+ 1 
Eeqxdred the integral of 



Assume 



(a;-l/(a?+l)- 
a^ + l 



{x-^lYix' + l) 



^ A A A A B Cx + D ^ 

ix-iy'^ {x-xy'^ (x^lf'^ x-l'^ x + \'^ a?''X'V\' 

therefore a^+l={A+A(»"-l)+A(^-l)'+^4(^-l)'} (^+1) 
+ {5(aj^-a: + l) + [Cx+D) {x+l)] {x-l)\.. (1). 

Put a:=l, thea 2 = 2^, (2); 

therefore -4^ = 1. 

From (1) and (2) we have hj subtraction, 

+ {B{a?''X + \)-\-{Cx+D){x + l)]{x'-l)\ 
Divide "by a; — 1, then 

+ {B{x^^x^\)'V{Gx+D){x + l)]{x'-l)\,.{Z). 

Put a; =1, then 2 = 3^i+2-4, (4); 

therefore -4, = — J. 

From (3) and (4), by subtraction, 

^{B{a?'-x + l) + {Cx^D){x + \)}{x^l)\ 

Divide by a; — 1, then 

l = J,(a: + 2)+^,(a:« + a;+l) + {^3 + ^,(a;-l)}(i»« + l) 

^{B{a?'-X'V\)-\-{Cx'\-D){x-\-l)]{x'-l)\..{b). 
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Put a; = l, then 1 = 3^, + 3 J, + 2^, (6); 

therefore ^3 = — J. 

From (5) and (6), hj subtraction, 

Divide "by x — 1, then 
0-=A, + A^{x + 2)+A^{a? + x + l)+A^{af + l) 

+ {B{a^''X + l) + {Cx + D){x-^l)}{x''l) (7). 

Put a; = l, then = ^1+3^4^+3^3+2^^ (8). 

therefore A^^ = |. 

From (7) and (8), by subtraction, 
= A,{x''l)+A^{a? + x^2)+A,{x'-l) 

'{-{B{x^-x + l) + {Cx + D){x + l)}{x'-l). 

Divide by a? — 1, then 

= A^-^A^{x + 2)+A^{x^ + x + l) 

+ B{a?'-x + l) + {Cx + D){x + l) (9). 

Put a; = — 1, then 

= A^ + A, + A^ + 3B (10); 

therefore -B = ^. 

From (9) and (10), by subtraction, 
= ^3(a: + l)+^,(aj' + a;)+5(aj*-a;-2) + ((7a? + i))(a; + l). 

Divide by x + 1, then 

0=^A^ + A^x + B{x"2) + Cx + D (11). 

Put x = 0, then 

A,-2B + I) = (12); 

therefore -D = i- 
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From (11) and (12), by subtraction 

therefore C' = — S ; 

^, . a^+1 1 1 1 

therefore 



(a?-l)*(a?+l) {x-iy 2{x^iy 4(aj-l) 

5 1 2aj - 1 

+ 7n TT + 



9 



8(a;-l)^24(ic + l) 3(a?--i»+l) ' 
therefore f (^ + 1)^ 111 

5 11 

26. We will give as additional examples the integration of 
-jj — - , supposing m and n positive integers, and m — 1 less 
than n. 

Required the integral of -jj — - , n being supposed even. 

By the theory of equations the real roots of oj* — 1 = are 
1 and — 1, and the imaginary roots are found from the expres- 

sion cos rO + J(— 1) sinr^, where ^ = — , and r takes in suc- 

cession the values 2, 4,... up to n — 2. Now by Art. 19 if 

%^Y\ ^® *^® fraction to be decomposed, the partial fraction 

corresponding to the root a is %inA __ . In the present case 



6(a) oT^ a"^ dr . ^ ^ 
y,;\ \ = — ==i = — r= — , smcea =1. 
F{a) ndr^ noT n ' 

Hence corresponding to the root 1 we have the partial 
fraction — r rr , and corresponding to the root — 1 we have 

the partial fraction —. — —r . And corresponding to the pair 

of roots 

cos rO ± \/(— 1) sin rO 

T. I. C. ^ 
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we have 

{cos r0 + V(- 1) sin rg}'^ {cos rg- V(- 1) sin rg}'^ 

n{x — coarO — V(— 1) sinr^} w{a? — cosr^ + V(— 1) sinr^} ' 

that is 

cos mr0 + V(— 1) sin mr^ cos mrO — V(— 1) sin mr0 

n[x — cos r^ — V(— 1) sin r^} w {a? — cos r^ + \/(— 1) sin rd\ ' 

2 cos mrO (x — cos r^) — 2 sin wr^ sin r0 
that 13 



w 



(ai* - 2a? cos r^ + 1) 



Thus -^=-^1^+ (-1)" 



a:"-l 7i(aj-l) 7i(aj + l) 

2 ^ cos mr0{x — cos rO) —sin wr^ sin rO 
n (a? — cos rOy + sin* r^ ' 

where S indicates a sum to be formed by giving to r all the 
even integral values from 2 to n — 2 inclusive. Hence 

H — Scosmr51off(a?— 2ajcosr5+l) — Ssinwr^tan"* — ; — j^. 



x"^'^ 



27. Eequired the integral of ^_ , n being supposed 

odd. 

The real root of a?*— 1 = is 1, and the imaginary roots 
are found from the expression cosr5 ± VC"-!) sinr^, where 

^ = — , and r takes in succession the values 2, 4, ...up to 

n — 1. Hence as before we shall find 

J n_. = - log (a? - 1) + - S cos mrO log (a?- 2a; cos rO + 1) 

2 v!^ • /i X -1 a? — cos rd 

S sm mr6 tan * — ; — jr- . 

w sinr^ 



INTEGRATION OF RATIONAL FRACTIONS. 35 



a:*^-' 



28. Beqtdred the integral of —^ — -, n being supposed 

•*? "T" A 

even. 

The equation af + 1 = has now no real root ; the imaginary 
roots are found from the expression cos r^ ± V(--l) sin rUy 

where ^ = — , and r takes in succession the values 1, 3, ... up 
n 

to n — 1. And if a be a root of aj* + 1 = 0, we have 

^'(«) " ^*"' " ^* " ^ ' 

thus the sum of the two fractions corresponding to a pair of 
imaginary roots is 

2 cos mrO [x — cos rO) — sin mrO sin rO 
n (a? — cos rOy + sin*r^ 

Hence 

I — r — - =5 2 coswr^loff (ai* — 2aj cosr5 + 1) 

J x^' + l n ^^ ' 

. 2 ^ . /, . -1 a? — cos r^ 

+ - S sm mru tan ; — ti — , 

n sm ra 

where 2 indicates a sum to be formed by giving to r all the 
odd integral values from 1 to ti — 1 inclusive. 



X 



29. Eequired the integral of ^ , n being supposed 

odd. 

The real root of a^ +1 = is in this case — 1, and the imagi- 
nary roots are found from the expression cos r^ ± V(— 1) sin rO^ 

where 6 = — and r takes in succession the values 1, 3, ... up 



n 
to 71 — 2. Hence we shall obtain 



— Scoswr^loff (a?— 2a;cosr5 + l) +-2sinmr5tan"^ — : — 3— 
n ° ^ ' n sm ra 

a— ^ 
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EXAMPLES. 



9. 



12 



EXAMPLES. 
dx 1 , (a; - 1)* 1 _i2^ + l 



2. /^*.=..,„,(|^^)'. 



'• lifi 



o^dx 



7aj+12 2 



a? 
= — -7a; + 64log(a; + 4) -27 log(a: + 



4. -4 i = T-8tan - + 7-8 log . 

^ f2a?—Sa*j 5,_,a; 1, cc — a 

5. I — 4 4-«^ = s-*aii T" log — ;— • 

J X —a 2a a Aa ^ x + a 

e. / 



^ 1 , x^+x+l 1^-1 2a; + 

(a^+l)(a^+x+l)""2^''S a^+1 +V3 



V3 



a?dx 1 , cc — 1 \/2 ^ -1 a: 



8. 1-2 3-T-r<^ = ilog-5 7. 

ja;* + a^+l ^a^ + a; + l 

a?-3a; + 3 



I— 

J (x- 



dx = x + log 



a;-2 
a;-l 



(a;-l)(a;-2) 

■ I 



{a?+a'){x+b) V' + a' 



log - // o . — ST + - tan - 



-itan- 
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+ J tan-* » - ^^^-j-^+ i log (a? + 1). 

7 Ifi 1 

10. ^ 



/aroa? __ 1 , ar — 



a:V2 + l 



+ -^ {tan"' (aj V2 + 1) + tan"' (a; ^2 - 1)}. 



16- /^=ni«s('"*-^+i)-|^"'s(^+i) 



+ iTT? {tail"* i^^ - V3) - tan"' (2aj + V3) } • 

2 V 3 



17. \iiii_^) ' Aasume !-/=/«'. 



7(i-y) 

da? A a? 

(1 + x) ll(\ + 3a; + Sa:') ^ l + x 
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CHAPTER m, 

FORMULA OF REDUCTION. 

30. Let a + bx"" be denoted by X; by integration by 
parts we have 

Ix'^-' X'dx = ^^ - ["^pX^^^dx 
J m J m^ ax 



X^ 
m 



m 



-^ [oT^-'X^'dx (1). 

m J ^ 



The equation (1) is called a formula of redtiction ; by 
means of it we make the integral of o^'^X^ depend on that 
of a^^^^X^\ In the same way the latter integral can be 
made to depend on that of x'^^^'^X^^ ; and thus, if « be an 
integer we may proceed until we arrive at af^^^^X^'^^ that 
is a;"*'*^^^ which is immediately integrable. 

From (1), by transposition, 

[ar^^X^^dx^"^-^ fx^-'X'dx. 
J onp onpj 

Change m into m — n and p into p + 1; thus 

foT-'X^dx^ f7^^\ - ^ "^""^^ \ar-^^X^'dx...Ai). 
J hn{p + l) bn(j} + l)J ^ ' 

This formula may be used when we wish to make the 
integral of x'^X^ depend upon another in which the exponent 
of X is diminished and that of X increased. For example, 
if m = 3, 71 = 2, and ^ = — |^, we have 

r a?dx _ X 1 r dx 

J{a+ ba?)^ bs/(a + ba?) bj^{a + ba?)' 
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The latter integral has already been determined, and thus 
the proposed integration is accomplished. 

Since jaT-^X'dx = jaT^X^^ {a + bx'')dx 

we have by (1) 

^ _ ^ \a?^^X^ctx = a far'X^'dx + h faf^-'X^^ dx, 
m m J J J 

therefore (af^'X'^dx = ^^^^ - H«^ + np) U^-^j^ ^, 
J am am J 

Change j? into^ + 1, and we have 

fr-'X'Ja: = ^^^-^i^i±^^±^ fo^-X'db (3). 

J am am J 

Change m into m — n and transpose, then 

f^x-d.^^::^ ^;ti:A± L^-^x'd. (4). 

J o{m + np) [m + np) J ^ ' 

In (2), change m into m-\-n and^ into^ — 1, then 

J bnp bnp J 

Also lof''^X^dx^a{ar^X^^dx-VhL'^^''^X^'^dx, 

therefore [x^'X^dx = a [x''-'X^'dx+'^ - — (x^'X'dx, 
J J np npj 

therefore [x""-'X^dx = -^^ + -^^- faj-'^X^^^fo (5). 

J m + np m + npj ^ ' 

Change^ into p + 1 and transpose ; thus 

(afr^X^dx ^^ + ^L+^±^ U-X'^'db. (6). 

J an{p + l) an{p + l) J V' 
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31. If an example is proposed to which one of the pre- 
ceding formulsB is applicable, we may either quote that 
particular formula or may obtain the required result inde- 
pendently. Thus, suppose we require l-Tni — -^Ky we have 

JV(c'-a^)" J dx '^ '^ 

= _ ^(<^ _ a?) 0!"-*+ («j - 2) {ar-^>J{<? -a?)dx 

By transposition, 

therefore 

J^ic'-^a^)" m-^l "^ m-1 Js/{c'-a^) ^ '* 

This result agrees with the equation (4) of the preceding 

article if we make a = c*, J = — 1, ?i = 2, j? = — J. 

f x^dx 
Another example is furnished by I-ttt — _^v , which may 

be written l-j— r ; if in equation (4) of the preceding 

article we make 5 = — 1, w = 1, ^ = — J^, and change a and m 
into 2a and m + ^ respectively, we have 

r x'^dx __ a?"^V (2aa?~ar') a {2m - 1) C x'^'dx 
J*^{2ax — x^)'~ m m j*J{2aX''af) 

(2), 

which of course may be found independently. 

32. In equation (6) of Art. 30 put a = (?j m=l, w = 2, 
5 = 1, and^ = — r; thus 

f ^ _ ^ 2r — 3fdx 
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This fonnula will serve to reduce the form 

f {Ax + B) dx 
J{a?-'2ax + a^ + ^y' 

which occurs in Art. 18; for this last expression may be 
written thus 

f A{x--a)dx [ dx 

Jiix^aYi-^y^^^''-^^^ J{{x^ar+^Y' 

that is 

A 1 C dx 

By putting x — a = x'j we have 

[ ^ _ f ^' 

j{{x--ay+^Y^j{x' + ^Y' 

and thus the above formula becomes applicable. 

33. These formulae of reduction are most useful when the 
integral has to be taken between certain limits. Suppose 
0(a;), x(aj), '^(a;), functions of x, such that 

l^{x)dx = xip^)'^ li^i^) ^9 
then I ^{x)dx = %(&) — %(«) + '^{x) dxj 

Ja Ja 

as is obvious j&rom Art. 3. 
For example, it may be shewn that 

suppose - a positive quantity, then x {<? — a?Y vanishes both 
when a? = and when x = c. Hence 
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The following is a similax example. By integration by 
parts 

Hence f a;'-^(l-aj)*"'db = ^^ f an{l-xydx. 

J Q W J Q 

Thus if r be an integer we may reduce the integral to 

r 1 

I (1 — xY'^'^dx, that is : ; hence 

Jo n + r— 1 

Jo ^ ^ '^■^n{n+l){n + 2) (n + r-l)' 

34. The inteffration of trigonometrical functions is £ftci- 
litated by formmae of reduction. Let ^ (sin x, cos x) de^ote 
any fimction of sin x and cos x ; then if we put sin a; = 2;, we 
have 

1^ (since, cos a?) dx = 1^ [zj V(l — 2*)} -y- e& 

=J<^{.,V(i-«')}^^^) (1). 

For example, let ^ (sin a?, cos x) = sin^ aj cos^ x ; then 

jsin*ajcos«a^=L^(l-«*)*<«-'>e& (2). 

K in the six formulae of Art. 30 we put a = 1, 6 = — 1, 
w = 2, ^ = ^(j — 1), we have 



jz^''{l^z^ 



♦«^^>J« 



q+l q+1 J ^ 
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W+J— 1 W + J— Ij ^ ' 

q+1 q+1 J ^ ^ 

I£ we put m =p + 1, and z = smx, the first of the above ' 
equations becomes *^, 

faufx co&^xdx = h^ — 7 /smr^a? cos^ajoa;, 

J p+1 J> + 1J 

and similarly the other five equations may be expressed. 

35. The following is a very important case : 

r C d cos X 

Isin" xdx = — I —J — . sin*"^ x . dx 

= — cosaj.sin*"*aj + (w— 1) I cos'* aj sin**"* a? do; 

+ (n — 1) (1 — sin^a?) sin""*a?e&?. 

Transposing, we have 

|sin'*aje&j = --cosaJsin*"^a;+ (^ — 1) /sin'*"*a;e&j; 



= — cos a? . sin**^* x 



n 



r cos X sin**^ X 71 ~" X i f 

therefore lsin'*a^ = + |sin""*ajdaj. 

J n n J 

From the last equation we deduce 

r sin* a;da;= / sin'*"*a?da;. 
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[^ . 71 — 3 f^ . 

Similarly I sin*"* xdx = I sin*"* x dx 



'" - •/ 



Proceeding thus we shall arrive, if ?i be an even integer, 
at I dx OT ^; if n be an odd integer we shall arrive at 

•'0 

I sin xdx^ which is unity. Hence, if w be an integer, 

•' 

Jn w(w-2)(w-4) 2 2 ^ '' 



,.(n-2)(n-4), 



fain- xdx = ("-/H"-;)(^-^)"-'"^ (n odd). 
Jo ri(w-2)(7i-4) 3 ^ ^ 

These two results hold if we change sin x into cos x, as will 
be found on investigation. 

36. From the preceding results we may deduce an im- 
portant theorem, called Wallis's Formula. 

Suppose n even ; then 

r&m^'xdx-'^^ ^?-^ ^^^ - i - (I) 

Jo n w — 2 71 — 4 4 2 2 

/■*' • «-i ^ ^-2 71-4 71-6 2 ,.. 

sm*-^a;(foj=—— .——.—— - (2). 

Jn 71-1 71— O 71-0 O 







Now it is obvious that 1 sin*"* xdx is less than 

rkir phr 

I sin*"* X dx and greater than 1 sin* x dx ; because each 

Jo J 

element of the first integral is less than the corresponding 
element of the second integral and greater than the corre- 
sponding element of the third integral. 
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Thus -^ is less than 1 and greater than . 

1 sin""^a?c&? 

Hence the ratio of the right hand member of (1) to the right 
hand member of (2) is less than imity and greater than 

; thus 



n 



w 2.2.4.4.6.6 (w-2)(w-2) 

2^1.3.3.5.5.7 (w-3)(w--l)' 

, 2.2.4.4.6.6 (n-2)(n-2) n 

1.3.3.5.5* 7 [n - 3) (n- 1) n- 1 ' 
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J w + 1 n-\-lJ^ 

J ' m + 2 

m+2 j ^ ^ 

5. ja?^{2ax'-a?)dx^-'^{2ax-a?)^ + ~jx^{2ax''a?^ 



'*» 5aV 



/•aa 

6, I a?^{2ax'-a?)dxr:: 

J A 



8 



1)' 
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7. I a?^/{2ax-a?)dx=^-^. 

8. far (log x)'^dx = ^^'(^Qg^r _ J^ Ln n ^)~-i^. 
J ^ o ' w + 1 n + lj ^ ° ' 

f aj*"*"^ (2 2 

0. [ 8eo^dd0 = i. 

Jo 

2. fsin'^ cos'^ d0^--l cos*^ + J cos'^. 

f ^^ 

3- -^-»z — 43 = 3 (tan ^ - cot 5) + * (tan'^ - cotW . 
J sin a cos a ^ / B V ^ 

. f&m^9d0_ sing ,, 1 — sing 
^- j cos'g "2^^s^'^*^^^I 



• /I • 



+ sing 



5. r(co8 25)*co8^rf5 = ^^^. 



Assume V(2) sin = sin 



7. I ( vers"*- j die = (-n* — 4) o. 
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19. K ^ (w) = I (1 + c COS xY^dxy shew that 

(w — 1) (1 — c^ ^(ri) = — c sina? (1 + c cosa;)"*"^^ 

H- (2/1 - 3) ^(n - 1) - (n - 2) <^(w - 2). 

20. / V(2aa; — jk*) vers~^~ dx = — t- • 
Jo 'a 4 

21. / ccV(2aa: — a:?) vers"^-da;=:-7r-+ -T-- 
Jo ' a 9 4 

22. I (taQ xfdx = A - i log 2. 

•'0 

c being < 1. 
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CHAPTER IV. 



MISCELLANEOUS REMABKS. 



37. We have at the beguming of this book defined the 
integral of ^ {x) between assigned limits a and h as the limit 
of a certain sum 2 ^ {x) Ax, and have denoted this limit by 

b 

^ {x) dx. We have shewn that this limit is known as soon 



/, 



as we know the function ^Ir (x) of which ^ {x) is the differen- 
tial coefficient. In the pages immediately following we gave 
methods for finding '>|r(a?) in different cases. We shall now 
add some miscellaneous remarks and theorems, some of which 
will recall the attention of the student to the process of sum- 
mation which we placed at the foundation of the subject. 

38. Suppose we wish to find the integral of sin x between 
limits a and b immediately from the definition. By Art. 4 we 
have to find the limit when n is infinite of 

h [sin a + sin (a + A) + sin (a + 2A) + sin [a + {71 — 1) A}] 

where A = - (i — a). 
n 

It is known from Trigonometry that this series 

w— 1,\ . nh , . / J— a h\ . J — a 

— - sm 



A sin fa H — — A j sin — h sin ia + 



2 2 7 2 



""2 sm. 



{ 
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The limit of r is 2 ; hence the required integral is 

sin — 

2 sm sin = cos a — cos 6. 

39. Eequired the limit when n is made infinite of the 
series 

This series may be written 



«'i"^7+(^ 



k'^'% '^1' 



putting A for -, we obtain 



Comparing this with Art. 4 we see that the required limit is 
what we denote by -r-. — o. Now / i=tan"*a;; hence 

•J is the required limit. 



40. We define / <l>{x) dx as the limit when n is infi- 

J a 

nite of 



Now let A and B be the greatest and least values which 
(a?) take 
less than 



!^[x) takes between the limits a and 5; then the series is 
ei 



(A, + A,+ + K)A 

T. I. C. 4 
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and is greater than 

{K + K+ + K)JS; 

that is, the series lies between 

(J — a) -4 and {b — a) B. 

The limit must therefore be equal to (i — a) G where C is 
some quantity lying between A and B\ but since ^(o?) is 
supposed continuous, it must, while x ranges from a to J, 
pass through every value between A and -B, and must there- 
fore be equal to C when x has some value between a and J. 
Thus (7=^{a + ^(J — a)} where is some proper fraction, 
and 

I 0(ic)rfaj=(i-a) ^{a + ^(J-a)}. 

•/ a 

41. The truth of the equation 

rh re rb 

I ^{x) dx= j <l>{x) dx + I <l> {x) dx (1) 

J a J a J e 

will appear immediately ; for suppose yfr (x) to be the integral 
of (f>{x), then we have on the left-hand side 

and on the right hand 

•^ (c) — -^ (a) + '^ (J) — -^ (c). 

In like manner 

1 <l>{x)dx==-j <f){x)dx (2) 

is obviously true. We may shew also that 

r a ra 

I ^{x)dx=l ^{a'-'x)dx (3) 

For putting a — x = z we have 

j^(a — a?) c2a; = — l(f>{z)dZf 



i 
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ra rO 

therefore 1 ^ {a^-x) dx^— j <l>{z) dz 

J 1% J a 



•'a 



Of course | ^{z) dz = I ^ [x) dx^ since it is indifferent whe- 



_ _ •io 



ther we use the symbol a; or ;s in obtaining a result which 
does not involve x or z. 

We have from (1) 

I ^{x)dx= I ^{x)dx+ j (a?) da?. 



The second integral, by changing x into 2a — x\ will be 
fomid equal to 

I ^ (2a — aj') dx' OT I ^ (2a — aj) tie. 



-^ 

Hence 

•9a 



I ^{x)dx=j {(l>{x) + ^{2a'-x)} dx. 

Jo -^0 

Hence, if <l>{x) =^(2a — a?) for all values of x comprised 
between and a, we have 

r8a ro 

I ^(aj)daj = 2l ^(aj)rfa? (4), 

•/ft -/ft 



-^ 



and if ^(2a — a;) = — ^(aj), we have 

[ ^(aj) da: = (5). 

For example, 

[mi^0d0^2\ Bm'0d0 by (4), 

J a •'ft 



•'0 



and Tcos' 0d0^O by (5)- 

4— "i 



dS 



52 XISCELLAXEOUS REMARga, 

42. Such equations as those just given should receive 
careful attention from the student, and he should not leave 
them until he recognizes their obvious and self-evident truth. 

I cos' Odd \&\}j definition the limit when it is infinite of the 

-'• . 
series 

h {cos* A + cos* 2A + cos' 3A + cos* {» - 1) h] 

where «A = ir. Now 

cos*A = — cos*(ii — 1) hy cos*2A= — cos*(n — 2) A, ; 

thus the positive terms of the series just balance the negative 
terms and leave zero as the result 

In the same way the truth of I sin' Odd = 2 I sin' 

. . • . .^ 

follows immediately from the definition of integration, and the 

fact that the sine of an angle is equal to the sine of the sup- 
plemental angle. 

43. Suppose h greater than a and (j) {x) always positive 
between tne limits a and b oi x; then every term in the 

series 2^ (a?) Aa? is positive, and hence the limit / (f>{x)dx 

must be a positive quantity. 

44. The statement of the last article supposes that ^ [x] 
is always finite between the limits a and 6; it must be 
remembered that this condition was expressly introduced in 
the fundamental proposition, Art. 2. If therefore the func- 
tion to be integratea becomes infinite between the limits of 
integration, the rules of integration cannot be applied; at 
least the case must be specially examined. 

45. Consider I -jr r-; the value of tiiis integral is 

2 — 2 \/(l — «)• Here the function to be integrated becomes 
infinite when a;=I; but the expression 2~2\/(l — «).^ 
finite when a = 1. Hence in this case we may write 

f J^f — s 2, provided that we regard this as an abbrevia- 
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tion of the following statement : " i -jjz r is always finite 

J q\[1 — X) 

if a te any quantity less than nnity, and by taking a suflSci- 
ently near to unity, we can make the value of the integral 
diflfer as little as we please from 2." 

r dx 

46. Next take I ; the value of this integral is 

— log (1 — a) which increases indefinitely as a approaches to 

r dx 
xmity. Hence in this case we may write I = co pro- 

vided that we regard this as an abbreviation of the following 

r dx . 
statement : " I increases indefinitely as a approaches 

to unity, and by taking a sufficiently near to unity we can 
make the integral greater than any assigned quantity." 

47. Next consider ly- r^; the intesral here is •- . 

J{l—xy ^ 1—x 

If without remarking that the function to be integrated be- 
comes infinite when x=l, we propose to find the value of the 
integral between the limits and 2, we obtain — 1 — 1, that is 

— 2. But this is obviously false, for in this case every term 
of the series indicated hj ^(f> {x) Ax is positive, and therefore 

the limit cannot be negative. In fact I jz rg and / y- r^ 

are both infinite. This example shews that the ordinary 
rules for integrating between assigned limits cannot be used 
when the function to be integrated becomes infinite between 
those limits. 

48. In the fundamental investigation in Art. 2, of the 

value of I ^{x) dx, the limits a and b are supposed to be 

finite as well as the function ^ (x). But we shall often find it 
convenient to suppose one or both of the limits infinite, as we 
will now indicate by examples. 

Consider j- ,; the integral is tan~*aj. Hence 5 

= tau"^ a ; the larger a becomes, the nearer tan"* a approaches 
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to — , and by taking a sufficiently large, we can make tan"* a 

IT 

differ as little as we please from — ; hence we may write 



I. 



= — as an abbreviation of this statement. 



1+^ 2 

Similarly 1 = log (1 + a) ; and by taking a large 

J Q 1 + 33 

enough we can make log (1 + a) greater than any assigned 
quantity. Hence for abbreviation we may write 

• dx 



I. 



1+^ 



=: 00. 



49. Suppose the function ^(a;) to become infinite once 
between the limits a and b, namely, when a; = c. We cannot 

then apply the ordinary rules of integration to I <f>{x) dx\ 

•J a 

but we may apply those rules to 

I ^{x) dx+ j <l>{x) dx 

for any assigned value of fi however small. The limit of the 
last expression when fi is diminished indefinitely is called Ij 

Cauchy the principal value of the integral / ^ {x) dx. 

J a 

For example, let ^ [x) = 



c — x 



^, f'^'* dx , c — a 

then = log , 

j« c-x ^ /A 

, i^ dx [^ dx . h-c 
and I = — I = — log : 

Jc^C-X JcyiX-C ° fl 

hence the principal value is log log , that is 

, c^a 
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50. The value of 1-77-2 ax is sin"^ -; hence 

Jjs/{a —or) a 

-^^^^^ = sm«(l)-8in-(-l). 



f. 



Students are sometimes doubtfal respecting the value which 
is to be assigned to sin"^ (1) and sin"^ (— 1) in such a result as 
the above. Suppose we assume a; = a sin ^ ; thus the integral 

becomes IdO or 0. Now x increases from —a to a, hence 

the limits assigned to must be such as correspond to this 
range of values of x. When x = — a then may have any 

value contained in the formula {^n ~ 1) -^ , where n is any 

integer. Suppose we take the value (4/i — 1) -^ , where n is 

some definite integer, then corresponding to the value x = a 

we miist take ^= (4% — 1) — +7r; this will be obvious on 

examination, because x is to change from — a to + a, so that 
it continually increases and only once passes through the vahie 
zero. 



Hence I -77-0 or = tt. 

51. Eequired I logsinajcZr. 
By equation (3) of Art. 41, 
I logsina;c&c= I log sin f — — a? J cir = I logcosaidic. 

Hence, putting y for the required integral, 

2y = I (log sin x + log cos x) dx 

Jo 
rhr 

= I log (sinaj cos a?) dx 

J A 
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f ** 1 sin 2a? , 

= / {log sin 2aj— log 2} dx 

= 1 log sin 2a; db — - TT log 2. 
But putting 2a? = a?', we have 
j log sin 2a? da? = J I logsina?'da?' 





iir 



= I log sin a? da?, by equation (4) of Art. 41 ; 

J A 



therefore 2y = y log 2, 

therefore y = 9 l<^g 9 • 

Again, 1 ^ log sin ^ c?^= I (tt — ^)' log sin ^d^, by equa- 
tion (3) of Art. 41 ; therefore 

== f (tt^- 2ird) log sin^ d^, 
therefore I ^ log sin ^ d^ = ^ I log sin ^ d^ 

= 2^"S2- 

Required I -^^^^—^dx. Put a? = tan y, and the integral 
Jo 1 +ar 

becomes I log (1 + tan y) dy ; but by equation (3) of Art. 41 

J A 





IT 



j*log (1 + tan y) <?y = j log |l + tan T J - yj\ dy. 



and 
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V4 ^) ^l + tany 1+tany' 



57 



It 
therefore 2 I log (1 + tan y) Jy = ^ log 2. 

See Cambridge Mathematical Journaly Vol. III. p. 168. 

52. The revnainder after w + I terms of the expansion 
of ^ (a + A) in powers of A, may be expressed by a definite 
integral. For let 

F{z)^4>{x-z)+zii/(x-'z)+Y^f^''{x''z) + f!<^*(aj-0). 

Differentiate with respect to z, then 

Integrate both members of this equation between the limits 
and h ; thus 



F{h) -FiO) I £ z'iT' i^ - «) <?^. 



that is 



L£ 12: 



12^ 



41' 



Put a + h for a; and transpose, then 

^ (a + A) = ^(a) + Af (a) + 1 f (a) + g^" (a) 



■*" 1^/ ''*^"'* (« + *-'') <^- 
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53. Bernoulli s Series. By integration by parts we have 

l^{x) dx = x^{x)'- ix^' {x) dxy 

jx 4>\x) ^ = I f (a;) - J^ f {x) dx, 
ja>il>"{x)dx = j4>"{^)-j'^<f>"\x) dx. 

Thus, jif>{x)dx=^x4>{x) - ^ <l>\x) + ^f C") 

Therefore, 

j <l>{x) dx = a<l>{a) -—<!>' {a) + -r^<l>'' {a) 

This series on the right hand is called Bernoulli's series. In 
some cases this process might be of use in obtaining I ^ (x) dx] 

J 

for example, if ^ (a?) be any rational algebraical fimction of 
the {n — iy^ degree, ^^"^a? is zero; or it might happen that 

|aj"0^"^(ic) dx could be found more easily than 1^ (x) dx. Or 

again, we may require only an approximate value of 

I ^ (x) dx and the integral aj**^^"^ {x) dx might be small 

•'0 •'0 

enough to be neglected. 

54. By adopting different methods of integrating a func- 
tion, we may apparently sometimes arrive at different results. 
But we know {I)if. Calc, Art. 102) that two fimctions which 
have the same differential coefficient can only differ by * 



T j 1 



8 
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constant, so that any two results which we obtain must either 
be identical or differ by a constant. Take for example 

j{ax + h) {ax + h')dx; 
integrate by parts, thus we obtain 

,, , . (ax + hy(a!x + h') a(ax+h) 
that IS, ^ ^-r ^"-TT-s — 

K we integrate by parts in another way, we can obtain 

(afx+byjax + b) a{a'x + hy 
2a' 6a'* 

Hence 

{ax + ly {3a {ax + V) - a {ax + h)] 

6a* 

. {ax + ST {3a {ax-\-l)--a {a'x + b')] 

6a'* 

cau only differ by a constant. Hence multiplying by 6aV* 
we have 

a'* {ax + by {3a {ax + b') -a {ax-\- b)] 

- a* (a'aj + b'Y {3a' (aa; + J) - a (a'a? + b')]^C 

where (7 is some constant. This might of course be verified 
by common reduction. We may easily determine the value 
of (7; for since it is independent of x we may suppose 

aa; + J = 0, that is, x = — ; then the left hand member 

a 

becomes (oJ' — a'J)*, which is consequently the value of C, 
Similarly from 

\{ax^-b) dx-\-\{ax-\-V) dx=j{{a + a) x + b + b'} dx 



) 
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we infer 

2a 2a' 2 (a + a) 

Multiply by 2aa' {a + a) and then determine the constant by 
supposing x=0; thus we obtain the identity 

a' (a + a) {ax + J)^ + a (a + a') {ax + Vf 

= ad {(a + a') a; + 6 + 6'}« + (5a' - Va)'- 

55. By l(l){x) dx we indicate the function of which ^ (a;) 

is the differential coefficient ; suppose this to be yfr {x). Then 
we may require the function of which -^ {x) is the differential 

coefficient, which we denote by jyjr {x) dx, or by ll(l> {x) dx dxy 

and so on. For example, the integral of e** is t ^ + C'l 
where C^ is a constant ; the integral of this is 



^e'^+C.x+G,; 



the integral of this is 

(7 . . 

where -^ bising still a constant may be denoted for simplicity 

by B if we please. Proceeding thus we should find as the 
result of integrating e** successively for n times 

i^ + ^,a;"-^ + ^^"-«+ -{-A^,x + A^ 

where -4 J, -4^, A^ are constants. 
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MISCELLANEOUS EXAMPLES. 

1. I -77 X = TT- • (Assume x=:a sin' 0). 



^* I -77::^ ST = Tra. 

./ 



fji^ax—a?) 



^ f (a'-e'a^)^ Tra'/, c'N 
Jo V(a'-a^) ■""2'V 2;' 

- f * ^P IT 

5. If ^ (a;) = ^ (a + a?), shew that 

j <l>{x) dx=:n\ (f>[x) dx. 

6. Shew that JVh «& = ^/V(^ + ^a;) <&. 

7. Shew that f ^45^ = 1!. (See Art. 41.) 

J. 1 + cos X 4 ^ ' 



iJ* n il /T 

8. Shew that I sli^ax — a?^ vers"^ - cfe = 



I V(2aa;-a?^ 



a 4 



(Change a^ Into 2a — aj' ; see Art. 41.) 

9. Find the limit when n is infinite of 

1 1 1 1 

n "^ V(w' - 1) V(w' - 2*) "^ "*■ VK - (w - 1)1 ' 

Besult — . 
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10. Find the limit when n is infinite of 



\nj \n.l \n) „ , 1 

/I IV /I 2V ■• "'*^"- ■ — Tiv"' 



11. Find the limit when n is infinite of •! -^ 

71 



i«u 



1 
Besult. - . (Take the logarithm of the expression.) 



12. Shew that / log tan a? tie = 0. 

J n 





13. Prove that 



ra+e ra+e 

I 0(a;)x(«)tfo; = ^(a + ^c) I x(aj)cia7, 

where ^ is a proper fraction, provided that <f) (x) and 
X {x) are finite and continuous from x = a to ic = a+c, 
and that % (a;) is of invariable sign between these 
limits. 



14. lif{x) be positive and finite from x = a to x=:a + c, 
shew how to find the limit of 



{/(«)/(«+ ^) /(« + 






when n is infinite ; and prove that the limit in ques- 

1 ro+c 

tion is less than - I f{x) dx, assuming that the geo- 

metric mean of a finite number of positive quantities 
which are not all equal is less than the arithmetic. 

Hence prove that e*'®** is less than I e^dx, unless u 
be constant from a; = to a? = 1. 
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15. The value of the definite integral i log (1 + n cos' 6) d6 

may be found whatever positive value is given to n 
from the formula 



/. 



log{l+ncos'e)dd=jlog{{l+n){l+n;)*{l+n;j* } 

where n, w^, Wg, are quantities connected by the 

equation 

"'« " 4 K + 1) • 

(Put^=~^; see Art. 41.) 



16. Shew that 



/• 



e** cos oa; 



, e^cos {ax- 6) , , . , 
oa: = ^^ r-^ + a constant, 



where tan 6 = - . Hence shew that if e** cos aa; be 
^ c 

integrated n times successively the result is 

^i2ifc_!^+ C+ C,x+ C^ + C^.x'-K 
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CHAPTEE V. 



DOUBLE INTEGRATION, 



56. Let <f> [x) denote any function of x ; then we have ' 

seen that the integral of {x) is a quantity u such that 

du 

-7- = 0(a;). The integral may also be regarded as the limit 

of a certain sum (see Arts. 2 — 6), and hence is derived the 

symbol \il>{x)dx by which the integral is denoted. We 

now proceed to extend these conceptions of an integral to 
cases where we have more than one independent variable. 

57. Suppose we have to find the value of u which satis- 



d' 



fies the equation , , =0(^> y)^ where ^(a;, y) is a fimction 

of the independent variables x and y. The equation may be 
written 

if t; = -=- . Thus V must be a function such that if we differ- 
a>x 

entiate it with respect to y, considering x as constant, the 

result will be ^(a;, y). We may therefore put 

v=jii>{x,y)dy, 
that is, ^ = j0(»>y)%- 
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Hence u must be such a function that if we differentiate it 
with respect to x, considering y constant, the result will be 

the function denoted by ^ {x, y) dy. Hence 



u 



^j\j4^{^^y)m^' 



The method of obtaining u may be described by saying 
that we first integrate d> {x, y) with respect to y, and then 
integrate the result witn respect to x. 

The above expression for u may be more concisely written 
thus 

\j4^ (»> y) % ^» or ^j^ {x, y) dx dy. 

On this point of notation writers are not quite uniform ; we 
shall in the present work adopt the latter form, that is, of the 
two symbols dx and dy we shall put dy to the right, when we 
consider the integration with respect to y performed before the 
integration with respect to x^ and vice versa. 

58. We might find u by integrating first with respect to 
X and then with respect to y ; this process would be indicated 
by the equation 



u 



=jj^{^jy) ^y^' 



59, Since we have thus two methods of finding u fi:om the 

d^u 
equation , , = ^ (a?, y), it will be desirable to investigate if 

more than one result can be obtained. Suppose then that u^ 
and u^ are two functions either of which when put for u satis- 
fies the given equation, so that 

We have, by subtraction, 

= 0, 



d\^ d^u^ __ 



dxdy dxdy 
that is, 'I'VTi^^ where v = w^ — % 



\dy. 
T. I. a 
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rlin 

Now from an equation -^ = we infer that w must be a 

constant, that is, must be a constant so far as relates to a? ; in 
other words, w cannot be a fimction of x, but may be a func- 
tion of any other variable which occurs in the question we are 
considering. 

Thus from the equation -r-f-^-J^O we infer that -r- 

^ dx \ayj ay 

cannot be a function of cc, but may be any arbitrary function 

ofy. Thus we may put 

By integration we deduce 

v = \f(y) dy + constant. 

Here the constant, as we call it, must not contain y, but 
may contain aj; we may denote it by % {x). And \f{y) dy 
we will denote by '^ (y) ; thus finally 

^ = '^(2^)+X(^). 
Therefore two values of u which satisfy the equation 
, , = (cc, y) can only differ by the simi of two arbitrary 
fonctions, one of a; only and the other of y only. 

60, We shall now shew the connexion between double 
integration and summation. Let ^ (a?, y) be a function of x 
and y, which remains finite and continuous so long as a* lies 
between the fixed values a and i, and y between the fixed 

values a and )8. Let a, a;,, aj^, x^^^^h be a series of 

quantities in order of magnitude ; also let a, y^, y^, y^-vP 

be another series of quantities in order of magnitude. 

j^ex a?! ~~ a -— **'« j a/n "~" a^j^ ^— ""oj ••••••••• ^ **" a/n < ~" /tu , 

also let yx-oL^k^, y^-Vi'^K ^-y«i-i = ^m- 
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We propose now to find the limit of the sum of a certain 
series AA consists of every term of the form 

*A0(^r-i>y«-i)> 

where r takes all integral values between 1 and n, and s 
takes all integral values between 1 and m; also x^ and y^ 
are to be considered equivalent to a aud a respectively. Thus 
we may take hkif) (x, y) as the type of the terms we wish to 
sum, or we may take Aa? Ay d> (x, y) as a still more expressive 
symbol. The series then is 

k^{k^(f){a, a)+k^<l>{a, jrj +Jc^(l>{a, y,) +A^0(a, y«^J} 

+K {*i<^(««-i» a) + *2 0(»«-i» yJ +h4> i^f^v y^ 

Consider one of the horizontal rows of terms which we 
may write 

The limit of the series within the brackets when \^ \^... 
h^ are indefinitely diminished is, by Art, 3, 

I (l>{Xr,y)dy. 

J a 

Since this is the limit of the series, we may suppose the 
series itself equal to 

{^r, y) dy + p^+i, 



J a 



where p^^j ultimately vanishes. 

Let 1 (a?^, y) dy be denoted by '^ {x^ ; then add all the 

horizontal rows and we obtain a result which we may de- 
liote by 

^h'^ix) 4-SA/:>. 

5—2 
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Now diminish indefinitely each term of which h is the type, 
then %hp vanishes, and we have finally 

I yfr (x) dx; 

J a 

that is j \ I ^{^i y) ^y 

This is more concisely written 

n0 (a?, y) dx dy, 
_ ji 



dx. 



use 

a 



dy being placed to the right of dx because the integration is 
performed first with respect to y. 

61. We may again remind the student that writers are not 
all agreed as to the notation for double integrals. Thus we 

n0 (xy y) dx dy to imply the following order of oper- 

ations — ^integrate ^ (a?, y) with respect to y between the limits 
a and /8 ; then integrate the result with respect to x between 
the limits a and h. Some writers would denote the same 

order of operations by 1 i ^ {x, y) dy dx* 

J a<J a. 

62. We might have found the limit of the sum in Art. 60 
by first taking all the terms in one vertical column, and then 
taking all the columns. In this way we should obtain as the 

r^ rb 

sum / / <f){x, y) dy dx; and consequently 

J aJ a 

I I <l>{x,y) dydx=^j / ^{x, y) dxdy. 

J a. J a J a** a 

63. Hitherto we have integrated both with respect to x 
and y between constant limits ; the limits however in the first 
integration may be functions of the other variable. Thus, for 

<f){x, y) dx dy will denote the fol- 

lowing operations — ^first integrate with respect to y so that x 
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is constant; suppose F{x,y) to be the integral; then by 
taking the integral between the assigned limits we have the 
result 

F{x,^lr{x)}-'F{x,x{x)}. 

We have finally to obtain the integral indicated by 

\F{x,ylr{x)}-^F{x,x{^)}]dx. 



<J a 



The only difference which is required in the summatory 
process of Art. 60 is, that the quantities a, y^, y^'^^'^ym-x will 
not have the same meaning in each horizontal fine. In the 
(r + 1)**^ line, for example, that is in 

Kx \hx^ (^r, a) + A^a (oj,, yj + ^3 ^ {x,, y^....+ K4> {x,, y^^} 

we must consider a as standing for % (a?^), andy^, y^j as a 

series of quantities, such that xi^r)y yv y^y ym-u'^C^r)? 

are in order of magnitude, and that the difference between any 
consecutive two ultimately vanishes. Hence, proceeding as 

before, we get I (f) {Xf., y) dy for the limit of the sum of the 
terms in the (r+ 1)"* line. 

64. It is not necessary to suppose the same number of 
terms in all the horizontal rows ; for m is ultimately made 
Indefinitely great, so that we obtain the same expression for 
the limit of the (r+l)^ line whatever may be the number of 
terms with which we start. 

65. When the limits in the first integration are functions 
of the other variable we cannot perform the integrations in a 
different order, as in Art. 62, without special investigation to 
determine what the limits will then be. This question will 
be considered in a subsequent chapter. 

66. From the definition of double integration, it follows 
that when the limits of both integrations are constant, 

W'l^ (^) i^{y)(^^y==ji> (a?) dxxjylr [y) dy, 
supposing that the limits in \'>^ (y) dy are the same as in the 
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integration with respect to y in the left hand member, and the 

limits in l(l){x) dx the same as in the integration with respect 

to a? in the left hand member. For the left hand member is 
the limit of the smn of a series of terms, such as 

and the right hand member is the limit of the product of 

K<i>{x,) + h,<f>{x,) + h^<l>{x;) + K<i>{x^,\ 

67. The reader will now be able to extend the processes 
given in this chapter to triple integrals and to muUipk 
mtegrals generally. The syinbol 

I I l'^ (^» y» ^) ^ % ^^ 

will indicate that the following series of operations must be 

{performed — ^integrate <f) {x, y, z) with respect to z between the 
imits ^ and ^ ; next integrate the result with respect to v 
between the limits Vo and tj^ ; lastly integrate this result wim 
respect to x between the limits f ^ ^^^ f r Here t and ^ may 
be functions of both x and y ; and tj^ and rj^ may oe functions 
of X. This triple integral is the limit of a certain series 
which may be denoted by 2^ {x, y, «) Ax Ay Az. 
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CHAPTER VI. 



LENGTHS OP CURVES. 



Plane Curves. Rectangular co-ordinates. 

68. Let P be any point on the curve APQ, and let a:, 
y be its co-ordinates ; let s denote the length of the arc 
AP measured from a fixed point -4 up to P; 




j^ a> 



then, {Dif. Col. Art. 307) 

ds 
dx 



Hence, 



s 



VMS)]"^- 



From the equation to the curve we may express ^ in 
terms of x, and thus by integration s becomes known. 

69. The process of finding the length of a curve is called 
the rectification of the curve, because we may suppose the 
question to be this : Find a right line equal in length to any 
assigned portion of the curve. 
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In the preceding article we have shewn that the length of 
an arc of a curve will be known if a certain integral can be 
obtained. It may happen in many cases that this integral 
cannot be obtained. Whenever the length of an arc of a 
curve can be expressed in terms of one or both of the co- 
ordinates of the variable extremity of the arc, the curve is 
said to be rectifiahle, 

70. Application to the Parabola* 

The equation to the parabola is y = tJ[A:ax) ; hence 

dy _ la ds ^ I fx + c(\ 

^"V^' 'd^'^s/Kirr 

thus 8 = \sj y- — ^) dx (See Ex. 6, p. 18,) 

= sj{ax + oS') + alog {VaJ+ \/(a + x)] + G. 

Here G denotes some constant quantity, that is, some quan- 
tity which does not depend upon x\ its value will depend 
upon the position of the fixed point firom which the arc s is 
measured. If we measure from the vertex then s vanishes 
with x ; hence to determine G we have 

alog V«+ (7=0; 
and thus s = \/{ajX + cc^ + a log {\/x + V(« + a?)} -- a log ^Ja 

If then we require the length of the curve measured from 
the vertex to the point which has any assigned abscissa, we 
have only to put that assigned abscissa for x in the last 
expression. Thus, for example, for an extremity of the 
latus rectum x = a) hence the length of the arc between 
the vertex and one extremity of the latus rectum is 

aV2 + alog(l + V2). 

71. In the preceding article we have fouild the value of 
the constant (7, but in applying the formula to ascertain the 
lengths of assigned portions of curves this is not necessary..; 
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For suppose it required to find the length of the arc of a 
curve measured from the point whose abscissa is x^ up to the 
point whose abscissa is x^. Let 'sjt (x) denote the integral of 

A /-ll + (^) f > ^^^ ^®* ^1 ^^^ ^3 ^^ ^^^ lengths of arcs of the 

curve measured from any fixed point up to the points whose 
abscissae are x^ and x^ respectively, so that s^ — s^ is the 
required length; then 



-M 



..,|)i^= 



dx = 'ylr[x)+ G; 

hence «i = '^K) + (7; s^ = 'ylr{x^)+ G; 

therefore s^-'$^ = ylr {x^ — 'sjt (x^) , 

Hence to find the required length we have to put x^ and x^ 
successively for a? in -^ (x) and subtract the first result from 
the second. Thus we need not take any notice of the constant 
C; in fact our result may be written 



-'■=/V{' 



21 



*.--.=! A/'ii+di^'^. 



72. Application to the Cycloid. 

In the cycloid, if the origin be at the vertex and the axis of 
y the tangent at that point, we have [Dif. Gal. Art. 358) 

ds _ //2a' 
dx^y \x 

therefore, s = \/{%ax) + C. 

The constant will be zero if we measure the arc s from the 
vertex. 



73. Application to the Catenary. 

The equation to the catenary is ^ = ^ (e* + e *) 5 hence 



c * 



thus 5=:^j(e«+e"«) rfa; = -(e''-e~0 + C'. 
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The constant will be zero if we measure the arc « from the 
point for which a? = 0. 

74. Applicaiion to the Curve given hy the eqtiatum 

dx a?*' dx \ rj^ J ^' 

thus » = a^ "T = — -^ h C7. 

J x^ 2 

The constant will be zero if we measure the arc from the 
point for which x = 0. The curve is an hypocycloid in which 
the radius of the revolving circle is one-fourth of the radius of 

the fixed circle. (See Dif, Ccd. Art. 360, and put * = t) • 

75. Since 

we have * = /\/{l + (f )} '^^^ 

From the equation to the curve we may express -j- in 

terms of y, and thus by integration s becomes known. In 
some cases this formida may be more convenient than that in 
Art. 68. 

76. Application to the Logarithmic Curve. 

The equation to this curve is y = Ja*, or y = 6e* if we 
suppose a = e*; thus a? = c log t , 
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therefore ^ = ^ ^^'JJHH 

and , K(^+y^ j. f <''^y I /• y 

and ,-J '^^-JvV(c' + .v')+W 



^ 



y ^ }y'^{<^+f)^N{<?+f)' 

The latter integral is VCc* +y) ; the former is 

Hence «= clog ^_^^y _^^^ +V(c' + /) + C. 

77. If a; and y are each functions of a third variable t, 
we have {Dif. Oal Art. 307), 

a? t^ 

78. The equation to the ellipse is -5 + 75 = 1. We may 

therefore assume a? = a sin 0, y = J cos 0, so that <f) is the 
complement of the eoccentric angle, {Plane Co-ordinate Oeo^ 
metnf, Art. 168). Therefore, by the preceding article, 

ds 

^ = i^(a' cos' + J* sin' ^), 

and » = jis/{a^ cos' ^ + i' sin' ^)dx^=^a I V(l - e' sin' ^) #. 

The exact integral cannot be obtained ; we may however 
expand V(l — ^ sin' 0) in a series, so that 



8 



=s a Ml — i e* sin' ^ — sT ^* ^^^* ^ "" VT^ ^ ^^ ^ ^ ^^ 



and each term can be integrated separately. To obtain the 
length of the elliptic quadrant we must integrate between the 



limits and - • 
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Plane Curves. Polar Co-ordinates. 

79. Let r, 6 be the polar co-ordinates of any point of 
a curve, and s the length of the arc measured from any fixed 
point up to this point ; then {Dif. Cal. Axt. 311) 



§Vh(S)]' 



hence 



s 



u 



80, Application to the Spiral of Archimedes. 

dr 
In this curve r = ad, thus j3 = a ; 

hence s =U{f + a')d0 = aj^/{l +ff^dd 

The constant will be zero if we measure the arc s from the 
pole, that is from the point where ^ = 0. 

81. Application to the Cardioide. 

The equation to this curve is r = a (1 + cos ff) ; thus 



= L[o? (1 + cos ey + a^ sin" 6] d0 = a [v(2 + 2 cos 6) 



d0 



. 



r ff 
= 2a /cos -dO = 4ca sin ^+ 0. 



The constant will be zero if we measure the arc s from the 
point for which ^ = 0, that is, from the point where the curve 
crosses the initial line. 

The length of that part of the curve which is comprised 
between the initial line and a line through the pole at right 

77* 

angles to the initial line is 4a sin — . The length of half the 
perimeter of the curve is 4a sin — , that is, 4a^ 
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82. Suppose we require the length of the complete peri- 
meter of the cardioide; we might at first suppose that it 

would be equal to 2a cos - d0 ; but this would give zero as 

Jo ^ 

the result, which is obviously inadmissible. The reason of 

this may be easily seen ; we have in fact shewn that 

^ = aV(2 + 2 cos^), 



and this ought not to be put equal to 2a cos - but to + 2a cos -, 

and the proper sign should be determined in any application 
of the formula. Now by $ we understand a positive quantity, 
and we may measure s so that it increases with 0, and thus 

is 

•rn is positive. Hence when cos - is positive, we take the 

upper sign and put -y^ = 2a cos - ; when cos - is negative, we 

take the lower sign and put -^ = — 2a cos - . Hence the 

r2ir Q 

length of the complete perimeter is not 2a I cos - d0^ but 

JO ^ 

f' [^ 

2a I cos - 1?^ — 2a I cos 5 d0, that is, 8a. This result might 
Jo 2 j„. 2 

Have been anticipated, for it will be obvious from the sym- 
metry of the figure that the length of the complete perimeter 
is double the length of the part which is situated on one side 
of the initial line, and this was shewn to be 4a in the preced- 
ing article. 

83, It may sometimes be more convenient to find the 
length of a curve from the formula 

which follows inmiediately from that in Art. 79. 



8 
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84. Application to the Logarithmic Spiral* 

The equation to this curve is r = ha^, or r = be* if we sup- 
pose a=ie^; thus = c logy ; therefore ;t- = - and 



8 



= /v(l + c^^»- = V(l+c')r+C. 



Thus the length of the portion of the curve which has r j 
and 7*2 for the radii vectores of its extreme points is 



/ 



'^{l + (?)dr, that is, V(l +c^(r,-r,). 



The angle between the radius vector and the corresponding 
tangent at any point of this curve is constant, {Bif. CaL Art. 
354) ; and if that angle be denoted by a we have c = tan o; 

thus V(l + c*) = sec a, -T- = sec a, and s = r sec a + C 

Hence (r^ -- r J sec a is the length of the portion mentioned 
above. 

Formulce involving the radius vector and perpendicular. 

85. Let be the angle between the radius vector r of 

any point oi a curve and the tangent at that point; then 

dr 
cos = ^ , [Dif. Gal. Art. 310), Let p be the perpendicular 

from the pole on the same tangent ; then 

sin 6 =-2 therefore cos 6 = ^-^ ^ ; 

^ r ^ r 

thus ^^'^{r'-p') 

as T 

,1 /. ds r 

therefore 



dr 'sj[r^-^p')' 

1 r rdr 
and «= -77-2 a\ • 
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86. Applicaiwn to the Epicycloid. 

With the notation and figure in Dif. Cal. Art. 360, it may 
be shewn that the equation to the tangent to the epicycloid 
It Pis 

COS ^ — COS — T— 

sm ^ — sin — 7 — 

o 

where x and y are the co-ordinates of P, and ccf and y' the 
variable co-ordinates. Hence it wilj be found that the per- 
pendicular^ from the origin on the tangent at P is given by 

/ ^T\ • ^0 

also r* = a' + 4i (a + i) sin^l^ ; 

thus ^' = — i ^ where c = a + 2b. 

cr ^~ Ob 

Hence, by Art. 85, 

At a cusp r=a, and at a vertex r = c; thus the length of 
the portion of the curve between a cusp and the adjacent 
vertex is 

Hence the length of the portion between two consecutive cusps 

a 

87. A remark may be made here similar to that in 
Art. 82. If we apply the formula 
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to find the length between two consecutive cusps, we arrive 
at the result zero, since r = a at both limits. The reason is 
that we have used the formula 



dr a \/(c'* — O 

while the true formula is 



ds ^ is/{(? — a") 



dr " a \/(c^"-0' 
Since 8 may be taken to increase continually, it follows that 

-7- is positive when r is increasing, and negative when r is 

diminishing. Now in passing along the curve from a cusp to 

the adjacent vertex r increases, thus -y- is positive, and we 

should take the upj)er sign in the formula for -7- ; then in 

passing from the vertex to the next cusp r diminishes, thus 

ds . . 

■7- is negative and the lower sign must be taken. Hence the 

length from one cusp to the next cusp is 

_ V(c' - g') r rdr ^/{c^-a^) r rdr 



V(c^-r») 



2 V(c' - g') r rdr ^ 8^ (g + 1) 



88. From what is stated in the preceding article, it ap- 
pears that if the arc a begin at a vertex the proper formula is 

ds ^ is/[(? — g') r 

therefore . = -^fcl^)f_^^ 

No constant is required since we begin to measure at the 
point for which r = c; the formula holds for values of s less 

than lii^±^ . 
a 
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It may be observed that thus 

c* — «' 

89. Similarly for the hypocycloid we may shew that 

V^ = -\ r^ where c = a—2h. 

a — c 

Suppose (? less than c? ; then we may shew that 

and thus « may be found. The length of the curve between 

. J. ^ . 85(a— i) 
two adjacent cusps is — ^^ . 

Next suppose <? greater than c? ; then we should write 

tie value of ^r thus 

dr 



ds ^ ^ ^{e-cl) 



in this case I is greater than a, and we shall find the length 
of the curve between two adjacent cusps to be — ^ . 

When a = 2i we have c = and ^ = ; in this case the 
Hypocycloid becomes a straight line coinciding with a dia- 
meter of the fixed circle. 

If a = 5 we have (? = €?\ in this case the denominator in 
the value of p^ vanishes ; it will be found that the hypocy- 
cloid is then reduced to a point, and r = a. 

It may be shewn as in Art. 88, that if s be measured from 
a vertex to a point not beyond the adjacent cusp, we have 

the upper or lower sign being taken according as c is greater 
or less than a. 

T. I. C. 6 
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Formuke involving the Perpendicular and its Inclination, 

90. Another method of expressing the length of a curve is 
worthy of notice. 




Let P be a point in a curve ; x, y its co-ordinates. Let i 
be the length of the arc measured from a fixed point A up 
to P. Draw OF a perpendicular from the origin on the 
tangent at P; suppose ()F=^, PF=w, YOx^Q\ then 

p = aj cos ^ + ^ sin ^, 
w = a; sin ^ — y cos ^, 

da 



= — cot i9, -T- = — cosec : 
ax ax 



therefore 

-^ = — 0? sin5 + y cos^ + cos^^ +sin^^ = — w, 

d^p du /, . /i . /I <^ . /!% 

-^ = — -^ = — 0? COS0 — t/ sm ^ — sm^ ;:7» + ^^^^::iW 



56^"" rf^ 



dd 

^dx da 

= -^-cosec^;^ = -^ + ^; 



rf^ 



dB 



therefore, by integration, 



^=-jj,de+s, 
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therefore * ~ ^ "*" i^^^ ' 

this may also be written 

s-^u^^ \pdd. 

Suppose s and u. the values of s and u when has the 
value ^1, and s^ and u^ their values when 6 has the value d^^ 
then 



r«2 



We have measured u in the direction of revolution from P 
and have taken it as positive in this case ; when u is negative 
it will indicate that x is on the other side of P. 

91. The preceding axticle may be Tosed for different pur- 
poses, among which two may be noticed. 

(1) To determine the length of any portion of a curve 
when the equation to the curve is given ; for from that equa- 
tion together with -^ = — cot ^ we can find x and y in terms 

of 0, and therefore p which is equal to. a? cos +y mi0\ then 
« may be found from the equation 



8 



-%^h- 



(2) To find a curve such that by means of its arc a pro- 
posed integral may be represented ; for if the proposed inte- 
gral be \pdd where p is a function of 5, the required curve is 
found by eliminating 6 between the equations 

X —p cos ^ — -^ sin ^, y =p sin ^ + ^ cos ^, 

and then the integral may be represented ^7 ^"-^^ 

Arts. 90 and 91 have been derived from Hymers's Integral 
Calculu8j Art. 136. 



84 
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92. Application to the Ellipse. 




Let APB be a quadrant of an ellipse, GY the perpendicu- 
lar on the tangent at P; let AGY=^e. Then {Plane Go- 
ordtnate Geometry, Art. 196), GY-a»J{l -e'sin*^) ; 

therefore AP-^-PY^ aU{l -e'* sin'' 0) dO, 

the constant to be added to the integral is supposed to be so 
taken that the integral may vanish with 0. If £ be a point 

such that its excentric angle is - — ^, we have by Art. 78, 
thus AP+PY=BB (1). 

/Tn n/>^ ain ^ or\a fi 

And 



PV_ dp ^a^ sin B cos 6 



Let X be the abscissa of P\ then by Art. 90, 
X =p coaO — -^ sin 

//^ 2 • am /I . ae'sin*^cos^ acosfl 

= a\/(l — e^ sm' 0) cos + 



V(l -e^sin'^) "" V(l-e»sin*^ 
Thus PY=e^xam0; and if x' be the abscissa of -B we 

have x'=:a cos (^ - 0) so that PY^ ^^ . Thus (1) may 

be written 



a 



BR^AP^-xaf 

a 

this result is called Fagnani's Theorem. 



(2); 
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From the ascertained values of x and x we have 

• a^ — a^ sin* cf —x!^ 
X = 



therefore ^a?xf^ — a^ {a? + x'^) + a* = 0. 

Thus the equation which connects x and xf involves these 
quantities symmetrically; hence from (2) we can infer that 

a 
This is also obvious from the figure. 

93. Application to the Hyperbola. 




Let C be the centre and A the vertex of an hjrperbola, 
CY the perpendicular on the tangent at P. Let AGY=^d 
and GY^p ; then it may be proved that 

PF-^P=a[V(l-e'sin*^)(Z^; 

this may be proved in the same manner as the corresponding 
result of the preceding article ; we may either make the 
requisite changes of sign in the formulae of Art. 90, which 
are produced by difierence of figure ; or may begin from the 
begmning again in the manner of that article. The constant 
to be added to the integral is supposed to be so taken that the 
integral may vanish with 5. 
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Suppose a the greatest value whicli can have, then 
{Plane Co-ordinate Oeometry^ Art. 257) cot a = *J{(^ — 1). 
When P moves off to an infinite distance PF— AP becomes 
the difference between the length of the asymptote from C 
and the infinite hyperbolic arc from A. Thus this differ- 
ence is 

afV(l-e'sin'^)rf^. 

•'0 

Inverse questions on tKe lengths of Curves. 

94. In the preceding articles we have shewn how the 
length of an arc of a known curve is to be found in terms of 
the abscissa of its variable extremity ; we will now briefly 
notice the inverse problem — to find a curve such that the arc 
shall be a given lunction of the abscissa of its variable ex- 
tremity. 

Suppose <f> {x) the given function ; then s = ^ (a?) ; 

thus g = [{f(x)r-l]i, 

and y = J[{^' {x) }* - 1] ^ dx. 



95. Aa an example of the preceding method, suppose 
^ (a;) = ^{■icx) ; thus ^' {x) — . /- ; therefore 



>-/[l-']'*-/tei5 

■I 



(1-'")^ c f dx 
*J(cx — x^) %j *J(cx — a?) 

= ^J{cx — a?'*) + - vers"^ \- C 

We may write / for y— G and thus we find that the 
curve is a cycloid. {Dif. Cal. Art. 358.) 
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96. For another example suppose <f>{x)=^a log x ; thus 

Here y = J^g - l) ,& = J^Z^ 

_ r c^dx f xdx 

~jajV(a'-aO~JVK-iB') 

Involutes and Evolutes, 

97. We may express the length of an arc of a curve with- 
out integration when we know the equation to the involute of 
the curve. Suppose a^ to represent the length of an arc of a 
CTirve, p the radius of curvature at that point of the involute 
which corresponds to the variable extremity of 5', then (Dtf. 
Cal. Art. 331) 5' + p = Z, where Z is a constant. If the equa- 
tion to the involute is known, p can he found in terms of the 
co-ordinates of the point in the involute ; then these co-ordi- 
nates can be expressed in terms of the co-ordinates of the 
corresponding point of the evolute, and thus s' is known. 
By this method we have to perform the processes of differen- 
tiation and algebraical reduction instead of integration. 

98. Application to the Evolute of the Parahola. 

Take for the involute the parabola which has for its equa- 
tion y^ :;= 4aa: ; let a;', y' be the co-ordinates of the point of 
the evolute which corresponds to the point {x, y) on the para- 
bola. Then by the ordinary methods {Dif, Cal. Art. 330) 
we have 

a/=2a + Sx, 3^=~;^2> 

, ^ /a + x\i 
and p = 2al 1 • 

Thus we shall obtain for the equation to the evolute 

27 ay^ = 4 (a^ - 2a)' ; 

, « /a^+a\l 

and p = 2a(-3^j; 
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therefore ^ ±2a f — — j = ?. 

Suppose we measure s" from the point for which x' = 2a, 
that is from the point which corresponds to the vertex of the 
parahola; then we see that s' increases with a/, so that we 
must take the lower sign in the last equation ; also "bj sup- 
posing a/ = 2a and ^^ = we find ? = — 2a ; thus 

This value of ^ may also be obtained bv the application of 
the ordinary method of integration. 

99. When the length of the arc of a curve is known in 
terms of the co-ordinates of its variable extremity, the equa- 
tion to the involute can be found by ordinary processes of 
elimination. 

For we have {Dif. Gal Art. 331), 

dx \ d^ 



af — x p dx 

where the accented letters refer to a point in a curve, and the 
unaccented letters to the corresponding point in the invo- 
lute. Thus 

daf 
x^af-p-^ W- 

di/ 
Similarly y^V'^P'^ (^)- 

If then 8^ is known in terms of a/, or of y, or of both, by 

means of this relation and the known equation to the curve 

dixf di/ 

we may find -7-7 and --p ; and p is known from the equation 

si" ± p = L It only remains then to eliminate a/ and y from 
(1) and (2) and the known equation to the curve ; we obtain 
thus an equation between x and y, which is the reqmred 
equation to the involute. 
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100. Application to the Catenary, 
The equation to the Catenary is 

c - - 

and s'=^-{e' — e •), 

supposing 8^ measured from the point for which a^ = and 
y' =-0] we shall now find the equation to that involute to 
the catenary which begins at the point of^the curve just 
specified. 

We have then 

dxf c ' docf " c ' 

., di/ sf daf c 

thus -?- = — , -^r- = — : 

ds' y'' d^ y"' 

and p = s', no constant being required, because by supposition 
p vanishes with s^. 

Hence equations (1) and (2) of the preceding article become 

And •=V(2^-c^ = y(^*-c')=^V(c^-3/^; 

therefore --=.^lA yi- 

y" c 

thus a; = a?' — V(c^ — ^) ; therefore 03'= VCc' — ^) +^- 

We have then to substitute these values of of and y" in the 
equation to the catenary, and thus obtain the required rela- 
tion between x and y. The substitution may be conveniently 
performed thus 
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C,5^ -^ 



therefore V(y^ — c') =o («' — « *)> 

therefore / + V(y^ - c') = ce* , 

therefore a.' = c log -^^ + ^^^ " ^^ 



c 



Thus finally, aj + V(c'~/) =c log^^t,^^^^—!^. 

This curve is called the tractory ; on account of the radi- 
cal, there are two values of x for every value of y less than c, 
these two values heing numerically equal, hut of opposite 
signs. There is a cusp at the point for which x = and 
y = c'y and the axis of x is an asymptote, 

101. The polar formulae may also be used in like manner 
to determine tne involute when the length of an arc of the 
evolute can be expressed in terms of the polar co-ordinates of 
its variable extremity. We have (i?^ VaL Art. 332), 

/«=p^ + r«-2/>p (1), 

y^ = ^-/ (2). 

Here, as before, the accented letters belong to the known 
curve, that is, to the evolute, and the unaccented letters to the 
required involute; thus since the evolute is known, there is a 
known relation between p' and r'. And s" ±p = ly so that if 
s" can be expressed in terms of t/ and r" we may eliminate 
2?' and 7^ by means of (1), (2), and the known equation to the 
evolute. Thus we obtain an equation connecting p and r, 
which serves to determine the involute. 

102. Application to the Equiangular Spiral, 

In this curve ^' = r' sin a, where a is the constant angle of 
the spiral. If we suppose the involute to begin from the 
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fole of the spiral, and s' to be measured from that point, we 
ave p=:5' = r' seca, (Art. 84). Thus (1) of the preceding 
article becomes 

r^^r^ sec' a + r' — 2r^ sec a 

= r^ sec* a + r^ sin' a +jp' - 2r^ sec a, by (2). 

From this quadratic for^ we obtain 

^ — r' sec a = ± r' cos a. 

If we take the upper sign we find p = — -■ , and 

then from (2) we find r' = « ^- But this solution 

cos a 

must be rejected, because from it we should find p or 

dr 1+3 cos' a , i • i • . • . ^ ..i ^i 

f J- = 77": r~T ^> which is inconsistent with the 

dp cos a (1 + cos a) 

equation p = r' sec a. 

T sm ol 
K we take the lower sign we find p = , and then 

cos dt 

from (2) we find r' = 5 — ; thus ^ = r sin a. Hence the 

cos oc 

inyolute is an equiangular spiral with the same constant 

angle as the evolute has. 



Ini/rinsic Equation to a Curve, 

103. Let 8 denote the length of an arc of a curve measured 
from some fixed point, <j> the inclination of the tangent at the 
variable extremity to the tangent at some fixed point of the 
curve; then the equation which determines the relation 
between a and ^ is called the intrinsic equation to the curve, 
hi some investigations, especially those relating to involutes 
and evolutes, this method of determining a curve is simpler 
than the ordinary method of referring the curve to rectangular 
axes which are extrinsic lines. 
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104. We will first shew how the intrinsic equation may 
be obtained from the ordinary equation. 

Suppose y=f{x) the equation to a curve, the origin 
being a point on the curve, and the axis of y a tangent at that 
point ; from the given equation we have 

thus X is known in terms of tan ^, say x = i^(tan j>) \ then 

^ = i^'(tan<^)sec'<^; 

also -^ = cosec j> ; 

therefore -^ =i^'(tan^)sec'*^cosec^; 

from this equation s may be found in terms of 6 by integra- 
tion. A similar result will be obtained if at the origin the 
axis of X be the axis which we suppose to coincide with a 
tangent. 

105. Application to the Cycloid. 
By Dif. Cal. Art. 358, we have 



dx \ \ X J tan^' 



therefore — = . „ , , x = 2a sin* A, 

X Bm^ ^ ' ^ 

-72 = 4a sin (f> cos <j), 

ds . dx . , 

^ = cosec.^^ = 4acos<^; 

therefore « = 4a sin ^ + C, 

The constant will be zero if we suppose s measured from 
the fixed point where the first tangent is drawn, that is, from 
the vertex of the curve. 
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106. Having given the intrinsic equation to deduce the 
ordinary equation. 

We have -r- = sin ^ ; 

therefore a; = Ids sin <f). 

Similarly y = Ids cos ^. 

Now 8 is by supposition known in terms of ^ ; thus by 
integration we may find x and y in terms of <f>, and then by 
eliminating <j) we obtain the ordinary equation to the curve in 
terms of x and y» 

107. Application to the Cycloid. 
Here « = 4a sin ^ ; 

thus a? = lefe sin ^ = 4a Isin ^ cos ^d^ = (7 — a cos 2^, 
y = |{& cos ^ = 4a (cos' ^d^ = C + 2a^ + a sin 2^. 

Hence by eliminating ^ we can obtain the ordinary equa- 
tion; if the origin of the rectangular axes is the vertex of 
the curve, we shall have (7= a and C = 0. 

108. We shall now give some miscellaneous examples of 
intrinsic equations. 

The intrinsic equation to the circle is obviously s = ukJ), 

109. The equation to the catenary is 

the origin being on the curve. Hence 

g = i(«^-6«), a=|(e'-e-); 
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thus if <^ be the angle which the tangent at any point make 
with the tangent at the origin 

s = c tan <^. 

110. We have seen in Art. 86, that for the epicycloid 

/, a + b ^ 

, cos ^ — cos , 

£= . a + b^ . = tan .A suppose, 

sm — 7— a — amu 
o 

, ^ a + 2 J ^ 

thus 9= —T — "» 

Again, from the same article, 

a 

a 26 

4J (a + J) /, ae\ 

if we suppose s measured from the point for "s^hich ^ = 0. 

Thus . = fM^±^(l_C08-^). 

We may simplify this result by putting 

, 7r(a4-2J) ., , 4J (a + J) 

this amoimts to measuring the arc from a vertex instead ( 
from a cusp. Thus 

, 4J(a4-J) . ai/ 
^ = — i^ L sm 



a a + 2b 

where the accent may now be dropped. 
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111. Similarljr the intrinsic equation to the hypocycloid 
may be written 

4 J (a — J) . ad> 

s =r — i i sin — ^-^- . 

a a — 26 



112. It appears from the last two articles that « = Z sin n<f> 
represents an epicycloid or hypocycloid, according as n is less 
or greater than unity. For example, if 

« =7 sin 2 J 5 = Zsin^j s = l sin^^ 5=Zsin? 
2 o 4 o 

bis 
we have epicycloids in which ~ = « > 1> « > 2,... 

K « = Z sin 2(f>, 8=^1 sin 3<^, 8 =1 sin 4^, s=l sin 5^,... 
we have hypocycloids in which - = t> o^> ^> tj*«« 



113. If p he the radius of curvature of the curve at the 
point determined by 8 and <p, we have {Dif> CaL Art. 324), 

In the logarithmic spiral we know that p varies as s if the 
arc he measured from the pole ; thus 

, ds 

therefore 8 = ae^ 

where a is a constant. K we put s = 8^ + a we have 

and now «' is measured from the point for which <^ = 0- 
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114. If the intrinsic equation to a curve be known, that 
to the evolute can he found. 




Let AP be a curve, BQ the evolute ; let s be the length of 
an arc of AP measured from some fixed point up to P; s^ the 
length of an arc oi BQ measured from some fixed point up 
to Q. It is evident that <^ is the same both for s and 8\ if in 
BQ WQ measure (f> from BA, which is perpendicular to the 
line from which <^ is measured in AP. 

In the left-hand figure ^ — p^^^^-ji^G, 
In the right-hand "figure 5^ = C—p= (7— -tt • 

Thus if 8 be known in terms of <p, we can find ^ in terms 
of <^. The constant C is equal to the value of p at the 
point corresponding to that ror which /=0. 

115. For example, in the cycloid « = 4a sin <^ ; thus 

s' = (7— 4a cos <f>. 

Put ^ = '^ + — and 5^ = cr + (7; thus 

cr = 4a sin '^. 
This shews that the evolute is an equal cycloid. 



8 
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116. Similarly If the intrinsic equation to a curve be 
known, that to the involute may be found. For by Art. 114 

therefore s=: j{C± s') d^. 

Thus if s' be known in terms of (f>, we can find s in terms 
of <f>. 

117. For example, in the circle s' — acf). Thus 

= j{C±a<l>)d(l>=Ccl>±^+C\ 

If we suppose s to begin where <^ = we have C = 0, and 
further, if s begins where the involute meets the circle (7 = 0; 

thus * = ^ . (See Dif. Cal Art. 333.) 

118. It is obvious that by the methods of Arts. 114 and 
116 we may find the evolute of the evolute of a curve, or the 
involute of the involute of a curve, and so on. 

119. The student may exercise himself in tracing curves 
from their intrinsic equations ; he will find it useful to take 
such a curve as the cycloid, the form of which is well known 
and ascertain that the intrinsic equation does lead to that 
form ; he may then take some of the epicycloids or hypocy- 
cloids given in Art. 112. For further information on this 
subject, and for illustrative figures, the student is referred to 
two memoirs by Dr Whewell, published in the Camhridge 
Philosophical Transactions^ Vol. viii. page 659, and Vol. ix. 
page 150. 

Curves of double Curvature, 

120. Let a?, y, z be the co-ordinates of a point on a curve 
in space ; x + Aa?, y 4- Ay, z + i^z the co-ordinates of an 
adjacent point on the curve. Then it is known by the prin- 
ciples of solid geometry, that the length of the chord joming 

T. I. C. 1 
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these two points is \/{(Aa:)'+ (Ay)'+ (A«)'}. Let s be the 
length of the arc of the curve measured from some fixed point 
up to {x, y , z) ; and let s + Ashe the length of the arc measured 
from the same fixed point up to {x + Ax, 7/ + At/,z + Az), 
We shall assume that A^ bears to the chord joining the adja- 
cent points a ratio which is ultimately equal to unity when 
the second point moves along the curve up to the first point. 
Thus the limit of 

A£ 

that IS of 



is unity. Hence 



m 



dx~\/\ 



-'I)V©]. 



.=/y{.^(|)V(|)>. 

From the equations to the curve -~ and -j- may be ex- 
pressed in terms of x, and then by integration s is known in 
terms of x. 

121. With respect to the assumption in the preceding 
article, the student may refer to Dif. Cal. Arts. 307, 308 ; he 
may also hereafter consult De Morgan's Differential and 
Integral Calculus, P^-ge 444, and Homersham Cox's Integral 
Calcultis, page 95. 

122. Suppose, for example, that the curve is determined 
by the equations 

/=4aa: (1), 

X 

z==*J{2cx—x^) + c vers"^ - (2), 

so that the curve is formed by the intersection of two cylin- 
ders, namely a cylinder which has its generating lines parallel 
to the axis of z, and which stands upon the parabola in the 
plane of {x, y) given by (1), and a cylinder which has its 
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generating lines parallel to the axis of y , and which stands on 
the cycloid in the plane of (a?, z) given by (2). Then 

^- /(^ ^- / r^^-^ v 



hence 



therefore 



f dx 



s 



No constant is required if we measure the arc from the origin 
of co-ordinates. 

123. The formula given in Art. 120 may be changed into 

=V{-(I)M|)]* 

and in some cases these forms may be more convenient than 
that in Art. 120. 

124. Sometimes a curve in space is determined by three 
equations, which express x, y, z respectively in terms of an 
auxiliary variable ; then by eliminating this variable we may, 
if necessary, obtain two equations connecting x, v, and z, and 
tlius determine the curve in the ordinary way. Suppose then 
a, y, z each a known function of t ; then 



and 



dy __ dt 
dx dx ' 



1 + 



dz 

T dz dt 
and -,- = -^ : 
ax ax 

'di 
^dx) \dx) J 






7—2 
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126. Application to the Helix, 
This curve may be determined by the equations 
x = a cos t, y =a sinty z= ct; 

thus 8 = ^/{a'' + c^)jdt = t^/{a^ + c^)+a 

126. When polar co-ordinates are used to determine 
position of a point in space, we have the following equal 
connecting the rectangular and polar co-ordinates of 
point, 

a; == r sin ^ cos (f), y = T sin sin <f>, z = r cos 0. 

And as a curve in space is determined by two equal 
between x, y, and z, it may also be determined by two e< 
tions between r, 0, and <p. Thus we may conceive r 
6 to be known functions of 0^ and therefore a?, y, ar 
become known functions of 0. 

Hence 

^ = sin ^ cos ^ ->^ — r sin ^ sin ^ -^ + r cos ^ cos <f), 

-^ = sin ^ sin ^ -ig + r sin cos ^ -^ + r cos ^ sin (f), 

dz ^dr . >, 

-^ = cos a -ig — r sm d. 

This may be transformed into 



8 



=^{-©'-•-■^"^•^1)]* 
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or into . = f^{r> g) V (^) V ^ 8in« ^} #. 

127. If jp be the perpendicular from the origin on the 
tangent to a curve in space, then the equation 

ds ^ r 

which was proved for a plane curve in Art. 85 will still 
kold. For each member of the equation expresses the secant 
of the angle which the tangent makes with the radius vector 
at the point of contact. 



EXAMPLES. 

1. For what values of m and n are the curves a"*^** = a?"*"^ 

rectifiable ? (See Art. 14.) 

Result. If — ^ or - — h ^ is an integer, 
2m 2m 2 ° 

2. Shew that the length of the arc of a Tractory measured 

/» 
from the cusp is determined by « = c log - . 

•f 

3. Shew that the Cissoid is rectifiable. 

^. Shew that the whole length of the curve whose equation 
is 4 (a?* + y) — a^ = Za^y^ is equal to 6a. 

[It may be proved that {—\ = — o — 5 r • 
^ ^ \dy) 4y*(a*-y*)J 

5» The length of the arc of the curve 

{x + y)* — (a; — y)* = a^ 
between the limits [x^, y^ and (a?, y) is 
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X 

6. If « = oe*, find the relation between x and y. 

7. Shew that the intrinsic equation to the parabola is 

ds 2a a , 1 + sin 6 a sin <& 

-77 = TT or « = 7:l0g^ :— T+ 1 =^~TT- 

ci!^ cos' <\> 2 °1 — sin^l — sin'* ^ 

8. The intrinsic equation to the curve y^ = aoi? is 

9. Draw the curve determined by the intrinsic equation 

^ = 71 sin 8. 

10. The evolute of an epicycloid is an epicycloid, the rad 

2 

of the fixed circle beinff -7 and the radius of 

*^ a + 26 

generating circle ^. (Arts. 110 and 114.) 

11. Determine the length of a spiral drawn on the surf 

of a cone, such that any generating line of the c( 
cuts it at points equidistant from one another. 
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Plane Areas. Bectangular Formula. Single Integration. 




128, Let DPE be a curve, of whicli the equation is 
y=^(a:), and suppose a;, y to be the co-ordinates of a point 
■P. Let A denote the area included between the curve, the 
axis of x^ the ordinate PM^ and some fixed ordinate AD^ then 
'^f. Cal Art. 43) 



lence 



= \^{x) dx. 



Let i|r (a?) + (7 be the integral of ^ {x) ; thus 

^ = i|r (a?) + (7. 

Let A^ denote the area when the variable ordinate is at .a 
distance x^ fix)m the axis of y , and let A^ denote the area when 
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the variable ordinate is at a distance x^ from the axis of ^ 
then 

therefore A^-A^^y^ {x^ - '^ (a^i) = / ^ (a?) dx. 

J Xi 

129. Application to the Circle, 

The equation to the circle referred to its centre as origin : 
y^=a^—a^; \iqxq <\> {x) == \/ {c? — a?) ] thus 

A=^U{x)d^^L{a'^a?)dx = '^^^-^^ 

The constant C vanishes if we suppose the ^6 J ordinate i 
coincide with the axis of y. It will be seen by drawing 
figure, that the area comprised between the axis of ic, the ax 
of y, the circle, and the ordinate at the distance x from tl 
axis oi y, may be divided into a triangle and a sector, tl 
values of which are given by the first and second terms in tl 
above expression for A, This remark may serve to assist tl 
student in remembering the important integral 



/• 



^ 2 2 tt 



130. Application to the Ellipse. 

Suppose it required to find the whole area of the ellips 

The equation to the ellipse may be written y^ = -^ (a* — x* 

a 

Hence the area of one quadrant of the ellipse 

hence the area of the ellipse is irah. 

131. Application to the Parabola. 

The equation to the parabola is y^ = 4aa? ; here then 

^ (a;) = V(4:ad?), 
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and l^/{4:ax)dx = —^x^+C; 

thus with the notation of Art. 128 

A^-A^= I ^{4:ax) dx = — — {x} - x}). 

K a?j = we have for the area — ^ x^, that is, two thirds 
of the product of the abscissa x^ and the ordinate V(^^)* 

132. Application to the Cycloid, 

The integration required by the formula \ydx becomes 

sometimes more easy if we express x and y in terms of a new 
variable. Thus, for example, in the cycloid we can put, 
[Dif. Cal. Art. 358) 

a; = a (1 — cos 5), y = a (^ 4- sin 5) ; 
therefore \ydx = €^{[0 + sin 6) sin 9 dO 

= a^ J0 sin 0d0+jj{l^ cos 20) d0 ; 

this gives a' {-0 cos^ + sin^) + ^ Z'^-^!^ . 

If we take this between the limits and ir for 0, we obtain 

the area of half a cycloid ; the result is — — . Hence the 

area of the whole cycloid is equal to three times that of the 
generating circle. 

133. The equations to the companion to the cycloid are 

aj = a (1 — cos 0)^ y = a0) 

ience it may be shewn that the area of the whole curve is 
twice that of the generating circle. 

134. If a curve be determined by the equation a? = <^ (y), 
then the area contained between the curve, the axis of y, and 
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lines drawn parallel to the axis of x at distances respectively 

equal to y^ and ^a is I <^ {y) dy. This is obvious after the 

J y\ 
proof of the similar proposition in Art. 128. 

135. The formulae in Arts. 128 and 134 famish one of the 
most simple and important examples of the application of the 
Integral Calculus. As we have already remarked, the pro- 
blem of determining the areas of curves was one of those 
which gave rise to the Integi'al Calculus, and the symbols 
used are very expressive of the process necessary for solving 
the problem. In the figure to Art. 128, the student will see 
that the rectangle PpMN may be appropriately denoted by 
y£^j and the process of finding the area of ADEB amounts 
to this : we first eflect the addition denoted by S^Aa;, and then 
diminish Aa; indefinitely. 

136. Suppose we require the area contained between the 
curve y = c sin - , the axis of a?, and ordinates at the distances 

x^ and x^ respectively firom the axis of y. We have 

f '2 . a? , / x. x\ 

c \ sm - aaj = ca cos -* — cos -^ j . 

Suppose then aj^ = and x^ = air', the area is 2ca. Next 
suppose ajj = and x^ = 2air ; the result 

ca cos — — cos — 
\ a aj 

becomes zero in this case, which is obviously inadmissible, 
since the area must be some positive quantity. In fact sin - 
is negative from x^air to a? = 2a7r, but in the proof that the 
area is equal to \ydx^ it is supposed that y is positwe. If 

y be really negative the area will be I (— y) dx. 
Thus in the present example the area will not be 

I sm-dx but c I sin - aa; + c — sin - dx. 

Jo a Jo a Jan\ aJ 
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that is, CI Bia-dx — cl aia -dx; 

thia will give 2m + 2ca, that is 4m. 

Plane Areas. Rectangular FormulcB. Double Integration. 

137. In Art. 128 we have obtained a fonnala for finding 
the area of a curve ; that fommla supposes the area to be the 
hmit of a number of eleraeutal areas, each element being a 
quantity of which jAa; is the type. "We shall now proceed to 
explain another mode of decomposing the required area into 
elemental areas. 



jj Mii — 

j_.^-r--r^ ._ 



Suppose we require the area included between the curves 
BPQE and hpqe, and the straight lines Bb and Ee. Let a 

Series of lines be drawn parallel to the axis of y, and another 
series parallel to the axis of x. Let s( represent one of the 
rectangles thus formed, and suppose x and y to be the co-ordi- 
nstee of s, and x + Aa; and y + Ay the co-ordinates of (; then 
tlie M-ea of the rectangle st is Aar Aw. Hence the required 
area may be found by summing up all the values of Ak Ay, 
and then proceeding to the limit obtained by supposing Ax 
and Ay to diminish indefinitely. 

We effect the required summation of such terms as Aa; Ay 
in the following way: we first collect all the rectangles 
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similar to st which are contained in the strip PQqp, and 
we thus obtain the area of this strip ; then we sum up all 
the strips similar to this strip which lie between Bh and 
Ee. The error we may make by neglecting the element of 
area which lies at the top and bottom of each strip, and 
which is not a complete rectangle, will disappear in the limit 
when Aa? and Ay are indefinitely diminished. 

Let y = (f)(x) be the equation to the upper curve, and 
y=zy^{x) the equation to the lower curve; let OC=c and 
011= h, then if A denote the required area, we have 

n4,{x) 
dxdy; 

for the symbolical expression here given denotes the process 

which we have just stated in words. 
r /•*(«) 

Now ldy=y, therefore I dy = <l> (x) — yjr (x) ; thus we 

J J ^{x) 

have 



A=j {(p {x) — 'yjr {x)} dx. 



In this form we can at once see the truth of the expression, 
for <\>{x) —'y^ {x) = PL —pL = Pp ; thus {^ {x) — i^ {x)] Ax 
may be taken for the area of the strip PQqp, and the formula 
asserts that A is equal to the limit of the sum of such strips. 

The lines in the figure are not necessarily equidistant: 
that is the elements of which Ax Ay is the type are not 
necessarily all of the same area. 

138. The result of the preceding article is, that the area 
A is found from the equation 

A=\ {^(a;)~^(a:)}cfo. 

J e 

This result may be obtained in a very simple manner as 
shewn in the latter part of the preceding article, so that it was 
not absolutely necessary to introduce the formula of double 
integration. We have however drawn attention to the 
formula 

dxdy 

^(4 
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because of the illustration which is here given of the process 
of double integration ; the student may thus find it easier to 
apply the processes of double integration to those cases where 
it IS absolutely necessary, of which examples will occur here- 
after. 

139. If the area which is to be evaluated is bounded 
by the curves x = ylr{y), and oc=(f>(y), and straight lines 
parallel to the axis of x at distances respectively equal to c 
and h, we have in a similar manner 

dydx=\ {<f>{y)-ir{y)]dy. 
*li{y) J e 

Some examples of the ffirmulae of Arts. 137 and 139 will 
now be considered ; we shall see that either of these formulae 
may be used in an example, though generally one will be 
more simple than the other. 

140. Required the area included between the parabola 
f^ax and the circle y^ = 2ax — a?. 

The curves pass through the origin and meet at the point 
for which x = a', thus if we take only that area which lies 
on the positive side of the axis of a?, we have 

A=\ y{2ax — a?) — j^{ax)}dx=— — . 

Jo 4 3 

The whole area will therefore be 2 f — - 

Suppose that we wish in this example to integrate with 
respect to x first. From the equation y^ = 2ax — x^ we deduce 
a = a+ V(^* — ^)» ^^^ i^ ^ill appear at once from a figure 
that we must take the lower sign in the present question. 

Thus let a?i stand for a — V(«* — y*)> ^^^ ^2^01^, then 



= 1 1 dydx= 1 ■ 


a 


a' 5 Tra' ttc 


3 



as before. 
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The reader should draw the figure and pay close attention 
to the limits of the integrations. 

141. In the accompanying figure 8 is the centre of a 
circle BLD, S is also the focus of a parabola ALC; we shall 




indicate the integrations that should be performed in order to 
obtain the areas ALB and LDG. This example is introduced 
for the purpose of illustrating the processes of double integra- 
tion, and not for any interest in the results : the areas can be 
easily ascertained by means of formulae already given ; thus 
ALB is the difference of the parabolic area AL8 and the 
quadrant 8LB; and similarly LDG is known. 

In finding the area ALB it will be convenient to suppose 
the positive direction of the axis of x to be that towards the 
left hand ; thus if 4a be the latus rectum of the parabola, and 
therefore 2a the radius of the circle, the equation to the para- 
bola is y* = 4a (a — a;), and that to the circle y^ = 4a' — a?. 

Suppose we integrate with respect to x first, then 



area ALB 



n*2 
dydx. 



where 



i = a-£» ^2 = V(4a'-3^'). 



For here {x^ — x^ Ay represents a strip included between 
the two curves and two lines parallel to the axis of x ; and 
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strips are situated at distances from the axis of x ranging 
tetween and 2a, so that the integration with respect to y is 
taken between the limits and 2a. 

Suppose we integrate with respect to y first ; we shall then 
iave to divide the area into two parts by the line AF. Let 

y^ = V(4a' - 4aa;), y^ = V(4a* - ^) ; 
then area ALF=^ I I dxdy = \ {y^ — y^dx; 



r*»ry2 r»« 

area AFB= I 1 dxdy=^\ y^ dx; 

J a J J a 



the sum of these two parts expresses the area ALB. 

Next take the area LDC; suppose now the positive direc- 
tion of the axis of x to be that towards the right hand, then 
the equation to the parabola is ^ = 4a (a 4- a?), and that to the 
circle y' = 4a* — a^. 

Suppose we integrate with respect to y first ; let 

y^ = ^(4a* — x^) and y^ = V(4a^ + Aax) ; 

then areai>i(7=l I dxdy. 

Suppose we integrate with respect to x first ; we shall then 
have to divide the area into two parts by the line LK. Let 

then we shall find that i>(7= 2a V3 = & suppose ; thus 

*2a /*2a 



area DLK 



area CLK 



/•2o r2o 

= dydxy 

= I \ dy dx; 



the sum of these two parts expresses the area LDC. 
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142. One case in which the formulae of Art. 137 are 
useful is that in which the bounding curves are different 
branches of the same curve. Suppose the equation to a 
curve to be {y — mx — cY = c^ — a? ] thus 

y = mx-\-c±\/[c?'-'a?). 

Here we may put 

i/r {x) = mx + c — V(«* — 33^), 

<f>[x)=mx-\-c+ V(«* — ^) ; 

thus (}){x) —yjr (x) = 2 \/ [c? ^ a?) , and the complete area of the 
curve is 



I 2 \/{c? — x^) dx, that is ircf. 



143. We have hitherto supposed the axes rectangular, 
but if they are oblique and inclined at an angle o), the for- 
mula in Art. 128 becomes 



^ = sin o) 



1^ {x) dx, 



and a similar change is made in all the other formulae. It is 
obvious that such elements of area as are denoted by vAa: 
and Ay Ax when the axes are rectangular will be denoted by 
sin 0) yAx and sin o) Ay Ax when the axes are inclined at an 
angle o). 

For example, the equation to the parabola is ^ = Aa^x when 
the axes are the oblique system formed by a diameter and 
the tangent at its extremity; hence the area included be- 
tween the curve, the axis of x, and an ordinate at the point 
for which x = c, is 

r //. / N J 4 sino) V«'c* 
sm o) I V (*a ^} ctx = > 



that is two-thirds of the parallelogram which has the abscissa 
c and the ordinate at its extremity for adjacent sides* 
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Plane Areas. Polar Formulce. Single Integration, 




144. Let APQ be a curve, of which the polar equation is 
r = ^(^), and suppose r, ^ to be the co-ordinates of a point P. 
Let A denote the area included between the curve, the radius 
vector 8A drawn to a fixed point A, and the radius vector 
iSP, then {Dif. Gal. Art. 313) 

dAj<f>[e)Y 

dd 2 • 

Hence A = ij{(l>{0)Yd0. 

Let ylr{0) be the integral of ^^4^' *^®^ 

A=^'>^(e) + G. 

Let A^ denote the area when the variable radius vector is 
at an angular distance 0^ from the initial line, and let A^ 
denote the area when the variable radius vector is at an an- 
gular distance Q^ from the initial line; then 

-\ therefore A^-A, = y^{e^-^{e^)=^\'\j>{ef)]*de. 

145. Applica;tion to the Equiangular Spiral. 
In this curve r = Se* ; thus 

A^\\Ve'de^^-^e-'\-C, 

T. I. c. 8 
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and A-A = 4j^^J"6T,?0 = ^(^" -^■^)=i(^/-^i^ 

where r^ and r, are the extreme radii vectores of the area 
considered. 



146. Application to the Parabola, 
Let the focus be the pole, then 

r = A ; thus A = ^ 
cos»- 



jcos- 



= ^J(^l+tan^Dsec^|cZ^=anan| + ^taii»|+C. 
Hence A--ii = «'(tan |- tail |) + |'(tan»|- tan'|]. 

Suppose that 0^ = and ^2 = 0-, then we obtain for the 
area a* + 77 , that is -r- ; this agrees with Art. 131. 

For another example we will suppose the Parabola referred 
to the intersection of the directrix and the axis as pole, the 
axis being the initial line. Here 

cos — V(cos 20) 

r = 2a ?— jT^ , 

sm* 

A ^ 2 fcos'* 5 + COS 20 - 2 cos Vfcos 20) ,^ 

thus A = 2a^ r-Ta — ' ^^ 

J sm 

^ « f2 cos* - sin* j^ ^ , Tcos V(co8 20) ,^ 

= 2a* r r-r3 <i0 - 4a* ]- ?-V^ ^ dJd. 

J sm J sm 
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j -^-0 d0 =1 (2 cot* tf - 1) coaed'ede 

. , f cos g V(co8 20) d0 [Aj{l-2am^0)dsm0 
^"^ J ^^ j S^-g 5 

assume sin tf = - , then the integral becomes 

-JV(^-2)<e?<, that is, -J(^-.2)». 
Hence, adding the constant, we have 

^ = :^(cosec«tf-2)*-.^cof^ + 2a*cottf+C7 

c 2 X /I . 4a' (cos 20)* ~ cos' ^ 

= 2a»cot0 + — ^^ -T-3^ +a 

3 sm u 

The constant will be zero if A commences from the initial 

line. 

147. Application to the curve r = a (0 + sin 0). Here 
A^jj{0^'am0)'d0^^j{0'+20&m0-^&w?0)d0; 

hsia 0d0=^-0coa0+aia0 
|sin»0cZ0 = jJ(l-cos20)rf0 = |-5^, 

thus ^=|'{?-.20cos0 + 2sin0+|-^Ua 
2 3 2 4 J 

Sappose we require the area of the smallest portion which 
is bounded by the curve and by a radius vector which is 

8—2 
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inclined to the initial line at a right angle; then we have 
and Jn- as the limita of the integration. Thus the required 
area is 

Itane Curves. Polar Formuhs. Double Inteffration. 

148. In Art. 144 we have obtained a formula for finding 
the area of a curve ; that formula supposes the area to be the 
limit of a number of elemental areas, each element being a 
quantity of which Jr* A^ is the type. We shall now proceed 
to explain another mode of decomposing the required area 
into elemental areas. 




Suppose we require the area included between the curves 
BPQE and bpqe, and the straight lines Bb and Ee. Let a 
series of radii yectores be drawn from 0, and a series of circles ; 
with as centre ; thus the plane area ia divided into a series - 
of curvilinear quadrilaterals. Let st represent one of these 
elements, and suppose r and 6 to be the polar co-ordinates of 
8, and r + Ar and 6 + Ad the polar co-ordinatea of t ; then the 
area of the element st will be ultimately rA0 Ar. Hence the 
required area is to be found by summing up all the values of 
rA^Ar, and then proceeding to the limit obtained by sup- 
posing A0 and Ar to diminish indefinitely. 



rdJd dr ; 
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We effect the required smnmatlon of such terms as r^O Ar 
in the following way : we first collect all the elements similar 
to 8t which are contained in the strip PQqp, and thus obtain 
the area of the strip ; then we sum up all tne strips similar to 
this strip which lie between JBb and JEe. 

Let r = (l>{0) be the equation to the curve BPQE and 
r = -^ (tf) the equation to the curve hpqe^ let a and yS be the 
angles which OB and OE make respectively with Ox ; and 
let A denote the required area, then 

for the symbolical expression here given denotes the process 
which we have just stated in words. 

Now \rdr = — , therefore 
thus we have 

J a 

In this form we can see at once the truth of the expres- 
sion, for OP=^{0) and Op = '>lr{0), and thus 

may be taken for the area of the strip PQqp, and the formula 
asserts that the area A is equal to the Emit of the sum of 
such strips. 

149. The remark made in Art. 138 may be repeated here; 
we have introduced the process in the former part of the pre- 
ceding article, not because double integration is absolutely 
necessary for finding the area of a curve, but because the 
process of finding the area of a curve illustrates double inte- 
gration. 

150. If the area which is to be evaluated is bounded by 
the curves whose equations are tf=^(r), ^='^(r) respectively, 
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and hj the circles whose equations are r = a and r = J re^ 
spectively ; it will be convenient to integrate with respect to 
U first. In this case, instead of first summing up all the 
elements like st, which form the strip PQqp, we first sum up 
all the elements similar to st which are included between the 
two circles which bound st and the curves determined by 
0=:(f>(r) and ^ = '^(r). Thus we have 

^= rdrde. 

Some examples of the formulae in Arts. 148 and 150 will 
now be considered ; we shall see that either of these formulae 
may be used in an example, although one may be more con- 
venient than the other. 

151. We will apply the formulae to find the area between 
the two semicircles OFJB and Opb and the straight line bB. 




Let Ob = c, OB=h, then the equation to OPB is r = A cos 0, 
and the equation to Opb is r = c cos 0. Thus the area 



J nJ t 



§ /*Acos9 



rd0 dr. 



SiJ ecioi&9 



Now 



r A cos 9 



ccostf 



1. 



IT 

thus the area = J(A»-c') Pcos"5(i5 = |(A'*-c'). 

Suppose we wish to integrate with respect to first ; we shall 
then have to divide the area into two parts by describing an 
arc of a circle from as centre, witn radius 05. Then 
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the area boimded hj ibis arc, the straight line Bb, and the 
larger semicircle is 

rdrdO. 

The area bounded by the aforesaid arc, the semicircle Opb, 
and the larger semicircle is 






^rdrdd. 

cos-i 



The stun of these two parts expresses the required area. 

• 152. Let US apply polar formulae to the example in 

I Art 141* With 8 as pole, the polar equation to the parabola is 

I 

1 «'(l + costf) = 2a or r cos*- = a where is measured from 

8B; and the polar equation to the circle is r = 2a. Hence, 
if we integrate with respect to r first, 



area-4ijB=/ / ^rdOdr. 

Jq Jasec 3 



K we integrate with respect to first, we shall have if 
2a -r 



fl,= cos 



-1 



area ALB = / / rdr d0. 

J a Jo 



Next consider the area JDLO. The equation to JDG is 
r cos 5 = — 2a ; the length of SG is 4a, and the angle B8G 

is -^ . Let ^1 = cos"^ ^""^ , 0^ = cos"' ( J . Then if 

we integrate with respect to first. 



'4a re^ 
areajDZa^l rdrd0. 



claret 

=. , 

J2aJ 9\ 



If we integrate with respect to r first, we shall have to 
divide the area into two parts, by the line joining 8 with (7. 
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The area of the portion which has LC for one of its bounda- 
ries is 



2ir 
/-=• rastc 

\ 



2 



rd0 dr» 



The area of the remaining portion is 



IT r-2asec0 



IT 



rd0 dr. 



3 



The sum of these two parts expresses the required area. 

153. A good example is supplied hj the problem of find- 
ing the area included between two radii vectores and two 
different branches of the same polar curve. 




Suppose BPpby OQqc to be two different arcs of a spiral, 
and that the area is to be evaluated which is bounded by 
these arcs and the straight lines BC and he ; then the area is 



^j{r:-rf)d0, 
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where r. denotes any radins vector of the exterior arc, as 8Q, 
and r- tne corresponding radins vector 8P of the interior arc. 
The limits of will be given by the angles which SB and 
8b respectively make with the initial line. 

Take for example the spiral of Archimedes ; let be the 
whole angle whicn the raains vector has revolved throngh 
fix)m the initial line imtil it takes the position 8P; so that 
may be an angle of any magnitude, r rom the nature of the 
carve we have 8P or r = au, where a is some constant. If 
then CQ is the next branch to JSP we shall have 

8Q=a{0-^27r). 

Suppose 0^ and 0^ the values of for 8B and 8b respectively ; 
thus the area BbcC" 

154. The student will remark a certain difference between 

the formulae jjdxdT/ and jjrd0 dr, which express the area 

of a plane figure. The former supposes the area decomposed 

into a number of rectand^s and Ax^y represents the true 

area of one rectangle. Hence in taking the aggregate of 

these rectangles to represent the required area the only error 

that can arise is owing to the neglect of the irregular elements 

which occur at the top and bottom of each strip ; as we have 

already remarked in Art. 137. But in the second case r A0 Ar 

is not the ctccurate valtie of the area of one of the elements, 

80 that an error is made in the case of every element. It is 

therefore important to shew formally that the error disappears 

in the limit, which may be done as follows. The element st 

in the figure of Art. 148 is the difference of two circular sectors, 

and its exact area is 

that is, rArA0 + ^ (Ar)» A0. 
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In takinff the former tenn to represent the area we neglect 
^ {AryAB. Hence the ratio of the term neglected to the 
term retained 

"" rArAd 2r * 

By taking Ar small enough this ratio may be made as small 
as we please. Hence we may infer that the sum of the 
neglected terms will ultimately vanish in comparison with 
the sum of the terms retained, that is all error disappears in 
the limit. 



Other Polar FormuloB. 

155. Let 8 be the length of the arc of a curve measured 
from some fixed point up to the point whose co-ordinates are 
r and d\ let o be the perpendicular firom the origin on the 
tangent at the latter point ; then the sine of the angle between 

this tangent and the corresponding radius vector is r -^ , {Dif. 



hence, r -7- =^ . Let A denote the area between the curve 
as r 



CaL Art 310) ; also ^ is another expression for this sine ; 

dd 

da 
and certain limiting radii vectores ; then 

the limits of 5 in the latter integral must be such as correspond 
to the limiting radii vectores of the area considered. 

The result can be illustrated geometrically ; suppose P, Q 
adjacent points on a curve, 8 the pole, p' the perpendicular 
from S on the chord PQ ; then, the area of the triangle PQ8 

= \p' X chord PQ. 

Now suppose Q to approach indefinitely near to P, then^'=^, 
and the limit of the ratio of the chord PQ to the arc PQ is 
unity. 
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156. Since j^=jp% dr = /^^f^.^ (Art. 85), 



we haYe 



— 1 f P^^^ 



157. Ajspltcaiion to the Epicycloid. 
Here p^ = —4 — -3-^ ; thus 



i?^cf 



= WV(?^:^^ where. =/-«'. 
Now 

_<? — C? . _i g g V(<^ — o* — z*) 

2""^"^ VCc* - o*) ~ 2 

--g— sin ^(^._^^ 2 . 

Taking tUs between the limits r = a and r = c, we get 
— — - — , that is, i (a + 5) ir. Hence the area is — J (a + 6) ir, 

£ A Act 

that is, ^ o • 9y doubling this result we ob- 
tain the area between the curve and the radii vectores drawn 
to two consecutive cusps, which is therefore ^ — —• 

The area of the circular sector which forms part of this area is 
irab ; subtract the latter and we obtain the area between an 
arc of the epicycloid extending from one cusp to the next cusp 
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and the fixed circle on which the generating circle rolls ; the 
result is 

— (3a + 2j). 
a ^ 

158. Similarly in the hypocycloid the area between the 
fixed circle and the part of the curve which extends between 
two consecutive cusps may be found. If a is greater than h 
the result is 

— (3a - 2J). 



Area between a Curve and its Evolute. 

159. In the figures to Art. 114, if we suppose the string 
or line PQ to move through a small angle A^, the figure 
between the two positions of the line and the curve AP may 
be considered ultimately as a sector of a circle ; its area will 
therefore be ^p^A^, where p = PQ. Thus it A denote the 
whole area bounded by the curve, its evolute, and two radii 
of curvature corresponding to the values ^^ and ^^ of <p, we 
have 



J 4n 



Since -^ = - , we may also write this 



ds 



P 



ijpcfe, 



the limits of s being properly taken so as to correspond with 
the known limits of ^. 

160. Application to the Catenary. 
Here « = c tan ^, Art. 109, 

therefore p = csec'^, ^ = il c^sec*^d^; 
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and /sec*^(i^ = tan<^ + Jtan*<^+ G; 

thus A is known. 



Area of 8ur/uce8 of Revolution. — Rectangular Formulce, 




161. Let ^ be a fixed point in the curve APQ ; let x, y 
be the co-ordinates of any point P, and s the length of the 
arc AP. Suppose the curve to revolve round the axis of a?, 
and let 8 denote the area of the surface formed by the revolu- 
tion of ^P; then {Dif. Gal. Art. 315) 



therefore 



thus 



d8 ^ 
/8= j2irtfd8 



and 



S 



S 






(1), 
(2), 



(3). 



Of these three forms we can choose in any particular ex- 
ample that which is most convenient. If y can be easily 

expressed in terms of s we may use (1) ; if -r- can be easily 

expressed in terms of y we may use (3) ; in some cases it may 

te more convenient to express y and -r- in terms of x and 

nse (2). 
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In each case the area of the surface generated by the arc 
of the curve which lies between assigned points will be found 
by integrating between appropriate limits. 

162. Application to the Cylinder. 

Suppose a straight line parallel to the axis of x to revolve 
round the axis of a;, thus generating a right circular cylinder : 
let a be the distance of the revolving line from the axis of x ; 

then y=«> and -=- = 1; 

thus by equation (2) of Art. 161, 

/8^= 27r I a die = lirax + C. 

Suppose the abscissae of the extreme points of the portion 
of the line which revolves to be x^ and x^ ; then the surface 
generated 



= 2ira I dx=: 27ra {x^ — a;J. 



163. Application to the Cone. 

Let a straight line which passes through the origin and is 
inclined to the axis of x at an angle a revolve round the axis 
of X, and thus generate a conical surface. Then 

y = xtsi.ua, and -7- = seca; 
thus by equation (2) of Art. 161, 

8 = 27rl tanasecaa;da; = 7rtanasecaaj'+ C. 

Hence the surface of the frustum of a cone cut off by planes 
perpendicular to its axis at distances x^, x^ respectively from 
the vertex is 

Trtan a sec a {x^ — x^. 

Suppose ajj = 0, and let r be the radius of the section made 
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}>j the plane at the distaace a:,, then r==a:jtana, and the 
area is 

Trcosecar*. 

164. Ajjpltcatum to the Sphere. 

Let the circle given by the equation y' = a' — x' revolve 
lotind the axis of x; here 

Hence by equation (2) of Art. 161, 

iS=27r|y- dx = 27rajdx = 27rax+C ; 

Thus the surface included between the planes determined by 

a; = a?i and ic = a:2 is 27ra(a?j — ajj. 

Hence the area of a zone of a sphere depends only on the 
height of the zone and the radius of the sphere, and is equal 
to the area which the planes that bound it would cut off from 
a cylinder having its axis perpendicular to the planes and 
circumscribing the sphere. 

165. Appliccxtion to the Prolate Spheroid. 

liet the ellipse given by a^ + JV = a^V revolve round the 
axis of X which is supposed to coincide with the major axis 
of the ellipse ; here 

dy _ Vx 

dx ~" d^y ' 

and — = /(^.i^^M^jzl^ 

dx V \ ay/ ay 

Hence by equation (2) of Art. 161, 
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The surface generated by the revolution of a quadrant of 
the ellipse will be obtained by taking and a as the limits of 
X in the integration. This gives 

^ f ,,^ «. sin'^e 
7raJ4V(l-e)+ 

166. Suppose one curve to have for its equation y = <^ (a?), 
and another curve to have for its equation y = '^ {x), and let 
both curves revolve round the axis of x. Let s^ and s^ denote 
the lengths of arcs measui-ed from fixed points in the two 
curves up to the point whose abscissa is x» Let 8 denote the 
sum of the areas of both surfaces intercepted between two 
planes perpendicular to the axis of x at the distances x^ 
and ojg respectively from the origin. Then, by Art. 161, 

Suppose, for example, that there is a curve which is bisected 
by the line y = a, so that we may put y = « + % (a?) for the 
upper branch and y = a — % (a?) for tne lower branch. Hence 

dx~ dx^ 
and 8 = 4:7raj -j^ dx = 4:7ra I ds^y 

the limits for s. being taken so as to correspond with the 
assigned limits of a?. 

Hence, if there be any complete curve which is bisected by 
a straight line and made to revolve round an axis which is 
parallel to this line at a distance a from it and which does not 
cut the curve, the area of the whole surface generated is equal 
to the length of the curve multiplied by 27ra. 

167. For example, take the circle given by the equation 

Here the area of the whole surface generated by the revolu- 
tion of the circle round the axis of x will be 27rk x 27rc. 
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There is no difficulty in this example in obtaining sepa- 
rately the two portions of the surface. For the part above 

the line y = i, we have 27r I y &, that is, 

that is, 27r I i c& + 27r | V{c' - (a; - Kf] ds. 

The former of these integrals is 27rks ; the latter is equal to 

^j^{<? -{X- hY] J dx, 

which will reduce to 2irjc dx, that is, 2'n-cx. Hence the sur- 
face required is found by taking the expression 2'7rks + 27rcx 
between proper limits. 

Area qf Surfaces of JRevoltUton. Polar Formulce. 

168. It may be sometimes convenient to use polar co- 
ordinates; thus from Art. 161 we deduce 

8= J2'7ryd8 = j27n/ ^ d0 = J27rr 9m0-^d0 

'''^ l=\/{''+(S)}- 

169. Application to the Cardioide. 
Here r = a (1 + cos 0), thus 

^ = a V{(1 + cos^)' + sin' 0} = a^{2+2 cos 0) = 2a cos-; 
therefore 

r Q CBS 

/8^ = 47ra*l(l +cos5) cos-sin ^rf^ = 167ra' Icos*- sin-rf^ 

327ra' 5^ , /y 

= cos - + C 

5 2 

T. I. c. 9 
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The Bor&ce formed hy the revolution of the complete 
cnrye about the initial line will be obtained by taking 

and TT aa the limits of 5 in the integral. This gives — ^~- . 



Any Surface. Doyhle InUgrattoa. 

170. Let a;, y, z be the co-ordinates of any point p oi a. 
aur&ce; x-^hx, y+At/, z + Az the co-ordinates of an ad- 




jacent point q. Through p draw a plane parallel to that 
of (a;, 2), and a plane parallel to that of {y, z) ; also through 
q draw a plane parallel to that of (3;, z) and a plane parallel 
to that of [y, z) . These planes will intercept an element pq 
of the cnrved surface, and the projection of this element on 
the plane of {a;, y) will be the rectangle PQ. Suppose the 
tangent plane to the surface at^ to be inclined to the plane 
of (x, y) at an angle 7, then it is known from solid geometry 
that 



-Vh©V(|)} 



where -J- and t- must be found &om the known equation to 
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the surface. Now the area of FQ is Ax Ay, hence hj solid 
geometry the area of the element of the tangent plane at p of 
which PQ is the projection is Ax Ay sec 7. We shall assmne 
that the limit of tne sum of such terms as Ax Ay sec 7 for all 
values of x and y comprised between assigned limits is the 
area of the surface corresponding to those Imiits. Let then 8 
denote this surface, thus 

the limits of the integrations being dependent upon the 
portion of the surface considered. 

171. With respect to the point assumed in the preceding 
article, the reader is referred to the remarks on a similar point 
in Difi Gal. Art. 308. He may also hereafter consult De 
Morgan's Differential and Integral Calculvs, page 444, and 
Homersham Cox's Integral Calculus^ page 96. 

172. Application to the Sphere. 

Let it be required to find the area of the eighth part of the 
surface of the sphere given by the equation 

XT dz ^^x ^ ^ y 

dx z^ dy z^ 

Now in the figure we suppose OL = x ; put y^ for iZ, then 
y = ij{c? — a?), for the value of y^ is obtained from the equa^ 
tion to the surface by supposing z = 0. If we integrate with 
respect to y between the limits and y^, we sum up all the 
elements comprised in a strip of which LMml is the projec- 
tion on the plane of (a;, y). llow 

/•y dy __ [ y dy _ tt 

9—2 
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thus 8 



-^h' 



If we integrate with respect to x from to a, we sum up 
all the strips comprised in the surface of which OAB is the 



Tra* 



projection. Thus — is the required result; and therefore 

the whole surface of the sphere is iira^. 

If we integrate with respect to x first, we shall have 



q__ r r ' a dy dx 



where x^ = *J(c? — if). 

173. As another example let it be required to find the 
area of that part of the surface given by the equation 

z^ + (a? cos a +y sin a)' — a' = 0, 

which is situated in the positive compartment of co-ordinates. 
This surface is a right circular cylinder, having for its axis 
the line determined by a = 0, x cos a + y sin a = 0, and a is 
the radius of a circular section of it. Here 

dz _ cos a {x cos a + y sin a) 
dx z ' 

dz __ sin a {x cos a +y sin a) 
rfy*""" z 

^ ft adxdy ff adxdy 

thus S^W ^=: -r-5 f ; ^ 

J J « J J V l» — (« COS a + y sm a) } 

The co-ordinate plane of (a?, y) cuts the surface in the 
straight lines a = + (a; cos a + y sm a), and if the upper sign 
be taken, we have a line lying in the positive quadrant of 
the plane of (aj, y). 

To obtain the value of 8 we integrate first with respect to 
y between the limits y = and y = {a-'X cos a) cosec a ; now 

dy^ 1 . _i a? cos a + y sin a 

^{d^ — {x cos 01,+y sin a)'*} "" sin a a 



I: 
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take tUs between the assigned limits, and we obtain 

1 /tt . _i a: cos a\ 

-. — --sin' : 

sin a \2 a J ^ 

therefore ^8^=-^ — H— — sin"* [ dx, 

sin a j (2 a ) 



and the limits of the integration are and 
shaU find 



a 



cos a 



Hence we 



8=-^ 



a 



sm a cos a 



174. Instead of taking the element of the tangent plane 
at any point of a surface, so that its projection shall be the 
rectangle Ax Ay, it may be in some cases more convenient to 
take it so that its projection shall be the polar element rA0 Ar. 
Thus we shall have 



8=^ I /sec 7 rd6 dr. 



For example, suppose we require the area of the surface 
xy^az, which is cut off by the surface a? + t/^ = (? ; here 

^^'yvl a av ^ — smce 2^+2^ = ^^. 

Thus 8^rf^^''^^'^rd0dr=:^^{{c^ + a^)^-^a^}. 
Jo Jq Of oa 

175. Suppose x=r sin cos 6, i/=r sin sin (f>, «= r cos 5, 
80 that r, 0y ^ are the usual polar co-ordinates of a point in 
space; liien we shall shew hereafter that the equation 

may be transformed into 
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An independent geometrical proof will be found in the 
Cambridge and Dvhlm Mathematical Journal, Vol. IX., and 
also in Carmichaers Treatise on the Calcultis of Operations, 
It will be remembered that in this formula r = *ij{x* + y* + «*), 
while in Art. 174 we denote ^/{o(?+y^) by r. 

Approodmate Values of Integrals, 

176. Suppose y a function of x, and that we require 
I ydx. If the indefinite integral ( ydx is known we can at 

once ascertain the required definite integral. If the inde- 
finite integral is unknown, we may still determine approxi- 
mately the value of the definite integral. This process of 
approximation is best illustrated by supposing y to be an ordi- 
nate of a curve so that I ydx represents a certain area. 

J a 

Divide c — a into n parts each equal to h and draw n — \ 
ordinates at equal distances between the initial and final 

ordinates; then the ordinates may be denoted by y^^y^^ 

y»» Vn^v Hence we may take 

^(yi + yir+ +3^n) 

as an approximate value of the required area. Or we may 
take 

as an approximate value. 
We may obtain another approximation thus ; suppose the 

extremities of the r^ and r + l]*** ordinates joined ; thus we 
have a trapezium, the area of which is {y^ + ^r+i) « • ^® 

sum of all such trapeziums gives as an approximate value of 
the area 



h\ 



f +^8+^3 + yn + ^}- 



This result is in fact half the sum of the two former re- 
sults. It is obvious we may make the approximation as close 
as we please by sufficiently increasing w. 
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177. The following is another method of approximation. 
Let a parabola be drawn having its axis parallel to that of y ; 
1®* Vv Vv Hi represent three equidistant ordinates, A the dist- 
ance between y^ and y^ and therefore also between y, and y,. 
Then it may be provS that the area contained between the 
parabola, the axis of x^ and the two extreme ordinates is 

3(yi+%a+ya)- 

This will be easily shewn by a figure, as the area consists of 
a trapezium and a parabolic segment, and the area of the 
latter is known by Art. 143. 

Let us now suppose that n is even, so that the area we have 
to estimate is divided into an even number of pieces. Then 
assume that the area of the first two pieces is 

that the area of the third and fourth pieces is 

and so on. Thus we shall have finally as an approximate result 

3(^1 + 2 (y3 + y, + yn-i)+3^n+i+4(y,+y4 + yn)}. 

Hence we have the following rule : add together the first 
ordinate, the last ordinate, twice the sum of all the other odd 
ordinates, and four times the sum of all the even ordinates ; 
then multiply the result by one-third the common distance 
of the ordinates. 



EXAMPLES. 

1. If -4 denote the area contained between the catenary, 
the axis of a;, the axis of y, and an ordinate at the 
extremity of the arc 5, shew that A^cs. The ate s 
begins at the lowest point of the curve. 
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2. The whole area of the curve 

'Mh- 

is f TToJ. (The integration may be effected by as- 
suming x==a cos* <f>.) 

3. The area of the curve y {x^ + a") =^<? {a^ x) from a? = 

to x^a is (? f-j — J log 2 j . 

4. The area of the curve y^x = 4a' (2a — x) from a? = to 

a; = 2a is 47ra*. 

5. Shew that the whole area of the curve y^ = — ^^ , 

supposing it bounded on one side by the asymptote, is 
4a . (Jistimate the area of the loop and the other 
portion separately.) 

6. Find the whole area between the curve y^ {x^ + a*) = aV 

and its asymptotes. Result, ^cl?, 

7. Find the whole area between the curve xy'^ = 4a' (2a— x) 

and its asymptote. Result. 47ra*. 

8. Find the whole area between the curve j^ (2a — a?) = x' 

and its asymptote^ Result. Bttu*. 

9. Find the whole area of the curve y=^x±is/{c?-'a?). 

Result, ire?. 

10. Find the area included between the curves 

y* — 4acc = 0, aj' — 4ay = 0. Result. — ^• 

11. Find the whole area of the curve aV + JV = a*JV. 

Result, f ah. 
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12. Find the area of the loop of the curve a'y* = a;* (a* — a?). 

Result. -—- . 
5 

13, The area between the tractory, the axis of y, and the 

asymptote is — . (See Art. 100). 

14^ Find the area of the loop of the curve 

y»(a' + x')=:aj»(a^-i»«). JResult. ^(7r-2). 

15. Find the area of the loop of the curve 

1 6ay = J V (a* - 200?) . EesuU. — . 

16. Find the area of the loop of the curve 

2y»(a" + aj») = (a'-ajy. 

Result. a'{3V2log(l+V2)-2}. 

17. Find the whole area of the curve 

2y*(a* + a:') -4ay (a'-aj") + (a»-a^)' = 0. 



Result. aV • 



4- 



18. Find the area of the curve 



DC QC 

y = c sin - . loff sin - 
^ a ^ a 



from a; = to x = air. Result. 2ac (1 — log 2). 

19. Find the area of the curve ^ = ( - ) between x=a and 

c \aj 

x=sl3, a,nd Jrom the result deduce the area of the hy- 
perbola xy = a^ between the same limits. 

20. Find the area of the ellipse whose equation is 



IT 

aaj^ + 2Ja?y + c^ = l. Result, -j-, — ZIW\' 
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21. Find the area of a loop of the curve r^^c? cos 20. 

Result. ■— . 

22. Find the area contained by all the loops of the curve 

r = a sin n0. 

Result. •— - or -— - according as n is odd or even. 

23. Find the area between the curves r^a cos rtd and r = a. 

24. Find the area of a loop of the curve r^ cos ^ = a* sin 3^. 

Result. — — log 2. 

25. Find the whole area of the curve r = a (cos 20 + sin 20), 

Result, ircf, 

26. Find the area of a loop of the curve (a?" + 'ff = 4aVy*. 

Result. -^ . 

27. Find the whole area of the curve 

(i^+2/0' = 4aV+4jy. Result. 27r(a'+J'). 

28. Find the whole area of the curve 

29. Find the area of the loop of the curve 

y — Saxy + a? = 0. Result. — . 

30. Find the area of the loop of the curve 

r co&0 = a cos 20. Result, f 2 — -la*. 
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31. Find the area of the curve 



a» 



r = -TT-j j^ j-gr- + b COS 0, 

V (a — " COS 0) 

a being > i. Result, -rr-^ — T3^ + -tt • 

32. In a logarithmic spiral find the area between the curve 

and two radii vectores drawn from the pole. 

33. Find the area between the conchoid r = a + i cosec 

and two radii vectores drawn from the pole. 

34. In an ellipse find the area between the curve and two 

radii vectores drawn from the centre. 

35. In a parabola find the area between the curve and two 

radii vectores drawn from. the vertex. 

36. Find the area included between the curve 

r = a (sec 6 + tan &) 
and its asymptote r cos 6 = 2a. Result f — + 2 j o*. 

37. The whole area of the curve r = o (2 cos tf+1) is 
a'(2wH — o~)» ^^^ ^^® ^®* ^^ *^® inner loop is 






38. Find the whole area of the curve r = a cos 0+b where 

a is greater than J. Also find the area of the inner 
loop. 

39. If X and y be the co-ordinates of an equilateral hyper- 

bola a?' — y' = a', shew that 

where u is the area intercepted between the curve, the 
central radius vector, and the axis. 
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40. Find the whole area of the curve which is the locus of 

the intersection of two normals to an ellipse at right 

angles. Result, tt {a— by. 

It may be shewn that the equation to the curve is 

r« (a' + b') (c? sin' O + V cos* Of 

= (a* - bj {c? sin' O-V cos' Of. 

41. Find the area included within any arc traced by the 

extremity of the radius vector of a spiral in a com- 
plete revolution, and the straight line joining the ex- 
tremities of the arc. If, for example, the equation to 

the spiral be r = a ( — ] , prove that the area corre- 
sponding to any value of 6 greater than 27r is 



7ra» {f e^^^^f^^^"^^'^ 



2% + 1 1 V^TT/ V27r 

42. Find the area contained between a parabola, its evolute, 

and two radii of curvature of the parabola. (Art. 159.) 

43. Find the area contained between a cycloid, its evolute, 

and two radii of curvature of the cycloid. 

44. Find the area of the surface generated by the revolution 

round the axis of x of the curve xy = jfc'. 

X 

45. Also of the curve y = ae\ 



c . ^ 



46. Also of the catenary y = ^ (e* + e" *). 

47. Shew that the whole surface of an oblate spheroid is 

27ra'Jl + — log— j 

48. A cycloid revolves round the tangent at the vertex; 

32 

shew that the whole surface generated is -x-7ra'. 

o 
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V I A cycloid revolves round its base ; shew that the whole 

^^ . 64 

surface generated is —irc?. 

60. A cycloid revolves round its axis ; shew that the whole 
simace generated is ^irc? (tt — |). 

51. The whole surface generated by the revolution of the 

tractory round the axis of x is 47rc*. 

52. A sphere is pierced perpendicularly to the plane of one 

of its great circles by two right cylinders, of which 
the diameters are equal to the radius of the sphere and 
the axes pass through the middle points of two radii 
that compose a diameter of this great circle. Find the 
surface of that portion of the sphere not included 
within the cylinders. 

Result, Twice the square of the diameter of the 
sphere. 

53. Find the surface generated by the portion of the curve 
y = a±a log - between the limits a? = a and a; = oc. 

Remit, ^ircf |l + V(l + e^) - V2 + log ^^']S^2 ^ ' 

54. Find I — , where dS represents an element of surface, 

and p the perpendicular from the origin upon the 
tangent plane of the element, the integral being ex- 

tended over the whole of the ellipsoid i + ^ + -2 = !• 

Result. i:^(a'6« + 6V + cV). 
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CHAPTER VIII. 



VOLUMES OP SOLIDS. 



Formula involving Single Integration. Solid of 

Revolution. 



> 






n 




'^^^^ 




^ 


* T Jk 


r Ji 


r ^ 



178. Let u4 be a fixed point In a curve APQ^ and P any 
other point on the curve whose co-ordinates are x and y. Let 
the curve revolve round the axis of a?, and let F denote the 
volume of the solid bounded by the surface generated by the 
curve and by two planes perpendicular to the axis of a;, one 
through A and the other through P; then {Dif, Cal. Art. 
314), 

dV . 



therefore 



= lin^dx. 



From the equation to the curve y is a known fiinction of a?; 
suppose y^ {x) to be the integral of Try* ; then 



yOLUMES OF SOLIDS. 143 

Let Fj denote the volume when the point P has x^^ for its 
abscissa, and V^ the volume when the point P has x^ for its 
abscissa; thus 

K = ir{x,)-^G, 

v,=ir{x;) + c, 

therefore Fj, •- I^ = -^ (ajj — -^ (a; J = tt I ^efe. 

179. Application to the Bight Circular Gone. 

Let a straight line pass through the origin and make an 
angle a with the axis of x ; then this straight line will gene- 
rate a right circular cone by revolving round the axis of x. 
Here y = x tan a ; thus 



TZ IZ _ "^ ^^^ ^ / 8 8\ 

K, — Kj — - [x^ ~- ^1 ;• 

Suppose a?! = 0, and let r = x^ tan a ; thus the volume 

IT tan OL X IT 'iX 

becomes r -y that is, — -— ^. Hence the volume of 

6 3 

a right circular cone is one-third the product of the area of 
the base into the altitude. 

180. Application to the Sphere. 

Here taking the origin at the centre of the sphere we have 
y' = a*— ic*; thus 

JTrt/^dx = TT ( a^x — -r ) + C, 
The volume of a hemisphere = 1 in/^dx = -— -. 

181. Application to the Paraboloid. 

Here the generating curve is the parabola, so that 
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Thus V^— Fj = TT I 4aaj dx = 2a7r {x^ — cCj^). 

Suppose a?i = 0, then the volume becomes 2a7rx^, that is 
^iry^x^ where y^ — ^ax^ ; thus the volume is half that of a 
cylmder which has the same height, namely x^^ and the same 
base, namely a circle of which y^ is the radius. 

182. Application to the Solid formed hy a Cycloid. 

Let a cycloid revolve roimd its axis ; here {Dif Cal. Art. 

358), 

y = fs/{2(zx — a?) +a vers""^ - . 

The integration is best effected by putting for x and y their 
values in terms of 0, {Dif, Cal. Art. 358.) Thus 



TT 



{jfdx = Tra" [{0 + sin 0^ sin d0. 



To obtain the volume generated by a semi-cycloid the 
limits for x would be and 2a ; thus the corresponding limits 
for ^ are and ir. 

Now [^ sin 5rfe = - ^ cos e+ 2[e cos dJ0 

= -^ COS54-25 sintf + 2 cos 5, 

therefore [ (P sin tf rf^ = tt^ - 4 
Jo 

^ r/» . 2 /» 7/, T/i /. «/>x ^/> ^ ^ sin 25 cos 25 

2 1 5 sm'* 5 rf5 = 1 5 (1 - cos 25) rf5 = - — 

therefore 2 f ^5 sin* 5 J5 = ^ . 

Jo 2 



2 



ir 



And rsin»5J5 = 2psin'5<?5=2.|. (Art. 35.) 

Jo Jo ^ 

Thus the required volume 

k-4-l)='«-(5?-l)- 



= wa' 
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183. This fomiTiIa for the volume of a solid of revolution, 

V= jin/^dx, like others which we have noticed, is one, the 

truth of which is obvious, as soon as the notation of the Inte- 
gral Calculus is understood. In the figure to Art. 128, if 
PM be y and MN be denoted by Ax, then ttj^Ax is the 
volume of the solid generated by the revolution of MNpP 
about the axis of x. Thus ^infAx will difier firom the volume 
generated by the revolution of A DEB by the sum of such 
volumes as are generated by PpQ, and the latter sum will 
vanish in the limit. Thus the volume generated by the revo- 
lution of ADEB is equal to the limit of Xiiy^Ax, that is, to 

in/'dx. 



/■ 



184. Similarly, if V denote the volume bounded by the 
surface formed by a curve which revolves round the axis of y, 
and by planes perpendicular to the axis of y, we shall have 

F= iTTx^dy, 
And, as in Art. 178, we shall have 

185. Suppose two curves to revolve round the axis of x, 
and thus to generate two surfaces, and that we require the 
difference of two volumes, one bounded bv the first surface 
and by planes perpendicular to the axis oi a?, and the other 
bounded by the second surface and by the planes already 
assigned. Let y, = <p [x) be the equation to tne first curve, 
and y = '^ {x) that to the second. Then if V denote the 
required difference, we have 

V={Tr[<\>{x)Y dx- L {^ {x)Y dx 



=^/[{<A(^)r-{^(^)r]^. 



T. I. c. IQ 
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If the planes which bound the required volume are de- 
termined by x = x^ and x = x^ we must integrate between 
the limits x^ and x^ for a?. 

186. Suppose, for example, that a closed curve is such 
that the line y = a bisects every ordinate parallel to the axis 
of y ; then we have <l>{x) =a + x (^) and -^ {x) = a — % (a?) 
where x (^) denotes some function of x. Thus 

{<l>{x)Y-{'fix)Y = iax{x), 
and F=7r l4a;^(a;)dir. 

Suppose the abscissae of the extreme points of the curve 
are x^ and x^, then the volume generated by the revolution 

of the closed curve round the axis of a; is 4a7r I x (^) ^• 

And 2 I X (x) (foj is the area of the closed curve, so that the 

volume is equal to the product of 2a7r into the area. This 
demonstration supposes that the generating curve lies entirely 
on one side of the axis o!^' x. 

If the generating curve be the circle given by 

ix-hy+{y-ky=c', 

we have ttc* for its area, and therefore 2JccV for the volume 
generated by the revolution of it round the axis of x. 

187. In a similar way if the curves x=^ (y), x='^ (y), 
revolve round the axis of y we obtain for the volume bounded 
by these surfaces and by planes perpendicular to the axis of y 



v=-^j[{<i>iifW-{i^{y)]']dy. 



188. The method given in Art. 178 for finding the volume 
of a solid of revolution may be adapted to any solid. The 
method may be described thus : conceive the sofid cut up into 
thin slices by a series of parallel planes, estimate approxi- 
mately the volume of each slice and add these volumes ; the 
limit of this sum when each slice becomes indefinitely thin is 
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the volnme of the solid ifequired. Suppose that a solid is cut 
up into slices by planes perpendicular to the axis of x ; let 
<l> (x) "be the area of a section of the solid made by a plane 
which is at a distance x from the origin, and let x + Ax be 
the distance of the next plane from the origin ; thus these 
two planes intercept a slice of which the thickness is Ax, and 
of which the volume may be represented by (f> {x) Ax, The 
volume of the solid will therefore be the limit of 20(a?) A a?, 

that is, it will be \(j}{x) dx; the limits of the integration will 

depend upon the particular solid or portion of a solid under 
consideration. 

189. Application to an Ellipsoid. 

The equation to the ellipsoid is 

x" y" z^ , 

if a section be made by a plane perpendicular to the axis of x 
at a distance x from the origin, the boundary of the section is 

an ellipse, of which the semiaxes are Ja/(1 — 2) ^^^ 

c A /( 1 5] ; hence the area of this ellipse is ttJc (1 2) 9 

this is therefore the value of <f> {x). Hence the volume of 
the ellipsoid 

= 1 TrJcfl 2)^ = — 71 — • 

190. Application to a Pyramid. 

Let there be a pyramid, the base of which is any rectilinear 
figure ; let A be the area of the base and h the height. 
Take the origin of co-ordinates at the vertex of the pyramid, 
and the axis of x perpendicular to the base of the pyramid, 
then the volume 01 the pyramid 

= 1 (f> {x) dx. 
Jo 
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Now the section of the pyramid made by any plane parallel 
to the base is a rectilinear figure similar to the base, and the 
areas of similar figures are as the squares of their homologous 
sides ; hence we infer that 

a? 

<l>{x) = j^A. 

Thus the volume of the pyramid 

A f* , , Ak 






This investigation also holds for a cone, the base of which is 
any closed curve. 

191. As an example we will find the volume lying be- 
tween an hyperboloid of one sheet, its asymptotic cone and 
two planes perpendicular to their common axis. 

Let the equation to the hy^perboloid be 





a' 


f 
V 




+ 1: 


= 0, 


and tliat to the 


cone 


















2*- 

V" 


= 0. 



If a section of the former surface be made by a plane 
perpendicular to the axis of x and ai a distance x firom 
the origin, the boundary is an ellipse of which the area is 



x^ 



7rJc(-2 + l); the section of the second surface made by 

the same plane also has an ellipse for its boundary, and its 

area is — «— . Therefore the difierence of the areas is irbc. 
a 

Hence the required volume, supposing it bounded by the 

planes x = x^ and x=x^ is 



I 



*9 

irhcdx, that is, irbc{x^'-x^. 



VOLUMES OF SOLIDS. 



149 



192. Sometimes it may he convenient to make flections by 
parallel planes not perpendicular to the axis of a;. If a be the 
inclination of the axis of a; to the parallel planes, then 
^ {x) sin a Ao; may be taken as the volume of a slice and 
the integration performed as before. 



Formula involving Dou 
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193. We will first give a formula for the volume of a solid 
of revolution. In the figure, let x, y be the co-ordinates of s, 
and X 4- Aa;, y + ^y those of (. Sqpposc the whole figure to 
revolve round the axis of x, then the element st will generate 
a ring, the volume of which will he ultimately 2-jryAxAy: 
this follows from the consideration that Ax Ay is the area of 
at and 27ry the perimeter of the circle described by s. Hence 
the volume generated by the figure BEeb, or by any portion 
of it, will be the limit of the sum of such terms as 2-iTyAxAy. 
Let V denote the required volume, then 



r=27r 



jjydxdy; 



the limits of the integration being so taken aa to include all 
the elements of the recLuired volume, 

194. Suppose the volume req^uired that which is obtained 
by the revolution of all the figure BEeb ; let y = <f> {x) be the 
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equation to the upper curve, y = '^{x) that to the lower 
curve, and let OC^^x^^ OH^x^. We should then integrate 
first with respect to y between the limits v^'^{x) and 
y = ^{x); we thus sum up all the elements like 27ry Ax Ay 
which are contained in the solid formed by the revolution of 
the strip PQqp ; then we integrate with respect to x between 
the limits x^ and x^. Thus to express the operation sym- 
bolically 



F=27r I I y dxdy 



jri^^(x) 



= nrr[{<}>ix)Y-{f{x)}']dx. 



The second expression is obtained by efiecting the integra- 
tion with respect to y between the assigned limits, and it 
coincides with that already obtained in Art. 185. 

195. Thus in the preceding article we divide the solid 
into elementary rings, of which ^iry Ax Ay is the type ; in 
the first integration we collect a number of these rings, so as 
to form a figure, which is the difierence of two concentric 
circular slices ; in the second integration we collect all these 
figures and thus obtain the volume of the required solid. 

196. Suppose the figure which revolves round the axis of 
X to be bounded by the curves x = (f> (y) and x = '>^ (y), and 
by the straight lines v =y^ and y^y^', then in applymg the 
formula for V it will be convenient to integrate tost with 
respect to x] thus 



F= 27r I I yay ax. 



In this case in the integration with respect to a; we collect 
all the elements like 27ry Ay Ax which have the same radius 
y, so that the sum of the elements is a thin cylindrical shell, 
of which Ay is the thickness, y is the radius, and ^(y)--'^(y) 
the height. Thus 



F=27r {^{y)-'^{y)]ydy. 
J Pi 
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197. As an example of the preceding formulae, let it be 
required to find the volume of the solid generated by the re- 
volution of the area ALB round the axis of x in the figure 
already given in Art. 141. This volume is the excess of the 
hemisphere generated by the revolution o{ SLBovei the para- 
boloid generated by the revolution of ASL; the result is 
therefore known, and we propose the example, not for the 
sake of the result, but for illustration of the formulae of double 
integration. 

Suppose the positive direction of the axis of x to the left, 
then the equation to AL is y'= 4a (a — x) and that to BL is 
y = 4a* — ST. Let Fbe the required volume, then 

27ry dy dx. 

4a 

If we wish to integrate with respect to y first, we must, as 
in Art. 141, suppose the figure AlB divided into two parts; 
thus 

27ry dxdy-\-\ \ ^iry dx dy. 

^ >/(4a»-4aa?) J a J q 

Again, let it be required to find the volume generated by 
the revolution of LDG about the axis of a?. Let the positive 
direction of the axis of x be now to the right, then the equa- 
tion to iy(7 is ^ = 4a (a + a?) and that to LD is y^ = 4a' — a?. 
Let Fbe the required volume, then 

r2arv(4«'+4<yt) 
F= I 27ry dx dy. 

If we wish to integrate with respect to x first, we must, as 
in Art. 141, suppose the figure LDG divided into two parts; 
thus 

r2a/*2a pa<^r2a 

V=\' I 2Trydydx+\ ^irydydx. 

Jo J ^[Adfl-yt^ J 2a J y»-4a» 

4a 

198. Similarly, if a solid is formed by the revolution of a 
curve round the axis of y, we have 



F= \\27rxdydx. 
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199. We now proceed to consider any solid. 



Let X, y, z be the co-ordinatea of any point p of a 
surface, x + Ax, y + Ay, z + As the co-ordinates of an adja- 
cent point q. Through p draw planes parallel to the co-ordi- 
nate planes of {x, z) and («, z) ; through 9 also draw planes 
parallel to the same co-ordinate planes. These four planes 
will include between them a column, of which PQ is the base 
and Pp the height. The volume of this colunm will be ulti- 
mately z Aa; Ay, and the volume between an assigned portion 
of the given sTiriace and the plane of (a:, v) will be found by 
taking the limit of the sum of a series of terms like zAxAy, 
Let y denote this volume, then 



= jjzdxdy. 



The equation to the surface gives z aa a function of x and 
y; the limits of the integration must be taken so as to include 
all the elements of the proposed solid. 
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If we integrate first with respect to y, we sum up the 
columns which form a slice comprised between two planes per- 
pendicular to the axis of x; thus the limits of integration with 
respect to y may be functions of x, and we shall obtain 



jzdy=f{x), 



where/ (a?) is in fact tlje area of the section of the solid consi- 
dered made by a plane perpendicular to the axis of a; at a 
distance x from the origin. Then finally 



= jf{x)dx; 



this coincides with the formula already given in Art. 188. 

200. Application to the Ellipsoid. 

Let it be required to find the volume of the eighth part of 
the ellipsoid determined by the equation 



aj^ V* «* . 

2 1^ 7 2 "^ 2 ■■■• 

or c 



Here we have to find 



//V(^"«*"^'^'^^' 



First integrate with respect to y, then the limits of y are 

and Lly that is and J * /( 1 gj ; we thus obtain the sum 

of all the columns which form the slice between the planes 
Lpl and Mqm. Now between the assigned limits 

thus F= I -- Jc ( 1 5 ) dx. 

The limits of x aro and a ] we thus obtain the sum of 
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all the slices whicli are comprised in the solid OABG* Hence 



201. Suppose the given surface to be determined by 
xy = az, and we require the volume bounded by the plane 
of {x, y), by the given surface, and by the four planes x=x^f 
x = x^, y =yj, y^Vi' Here the volume is given by 






where z^, z^, z^, z^ are the ordinates of the four comer points 
of the selected portion. 

202. Find the volume comprised between the plane z = 
and the surfaces xy = az and {x — hy + (y — JcY = <r. 

Here we have to integrate jj—dxdy between limits de- 
termined by {x — hy + (y — ky = c\ 

Now ly<^y = ^9 and the limits of y are 

*-V{c'-(a?-An and i + V{c"- (a?-A)^}. 
Thus we obtain 

Thus finally the required volume 

where the limits of a; are h — c and h + o. 
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And 

jx V{c'- {x-hy} dx=:j{x^h)^{c^ - (a; - hy] dx 

+ hj^[c'^{x^h)^dx. 
Put a? — A=^; thus we obtain 

The limits of ^ are — c and +c; therefore the result is 
—-— ; and the required volume is . 

203. Instead of dividing a solid into columns standing on 
rectangular bases, so that zAxAv is the volume of the 
column, we may divide it into commns standing upon the 
polar element of area ; hence z rA0 Ar is the volume of the 
column. Therefore for the volume F of a solid we have the 
formula 



=//' 



zr d0 dr. 



From the equation to the surface z must be expressed as a 
fimction of r and 0. 

204. Required the volume of the solid comprised between 
the plane of (a?, y) and the surface whose equation is 



z = ae ^^ . 
Here, since aj*+y' = r^ 

V=ane~^rd0dr. 

The surface extends to an infinite distance from the origin 
in every direction ; thus the limits of are and 27r, and 
those of r are and oo . 



Now je c^rdr=: — 9~^*» 



i 
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thus I e <^' rdr = 



00 r« ^a 

2* 



And 1 de = 2ir. 

Hence the required volume Is ttoc*. 

FormulcB involving Triple Integration. 

205. In the figure to Art. 199, suppose we draw a series 
of planes perpendicular to the axis of « ; let « be the distance 
of one plane from the origin and z + Az the distance of the 
next. These planes intercept from the column pqPQ an 
elementary rectangular parallelopiped, the volume of which is 
Ax Ay Az. The whole solid may be considered as the limit 
of the sum of such elements. Hence if F denote its volume 



= \\\dxdydz. 



206. Required the volume of a portion. of the cylinder de- 
termined by the equation 

o^^-y^-2ax = 0, 

which is intercepted between the planes 

z = x tan a and z = x tan ^. 

Here if y^ stand for ^{2ax — a?), we have 

n!/i ra; tan ^ 
I dx dy dz. 

-t/tJ X tan a 



= I I (tan ^ — tan a) x dx dy 



•'-yi 

>2a 



ryta 

= 2 (tan ^ — tan a) I x ^{2ax — a?)dx 

J A 



= 2 (tan ^ — tan a) 



Tra' 
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207. The polar element of plane area is, as we have seen 
in previous articles, rL6 Ar. Suppose this to revolve round 
the initial line through an angle 27r, then a solid ring is 
generated, of which the volume is ^irr sin 5 r A5 Ar, since 
27rr sin 6 is the circumference of the circle described by the 
point whose polar co-ordinates are r and 6. Let ^ denote the 
angle which the plane of the element in any position makes 
with the initial position of the plane, ^ + A^ the angle which 
the plane in a consecutive position makes with the initial 
plane; then the part of the solid ring which is intercepted 
between the revolving plane in these two positions is to the 
whole ring in the same proportion as A^ is to 27r. Hence 
the volume of this interceptea part is 

r* sin 6 A^ A5 Ar. 

This is therefore an expression in polar co-ordinates for an 
element of any solid. Hence the volume of the whole solid 
may be found by taking the limit of the sum of such elements ; 
that is, if V denote the required volume. 



V=jj[7^am0d(l>d0dr. 



The limits of the integration must be so taken as to include 
in the integration all the elements of the proposed solid. The 
student will remember that r denotes the distance of any 
point from the origin, the angle which this distance makes 
with some fixed line through the origin, and ^ the angle 
which the plane passing through this distance and the fixed 
line makes with some fixed plane passing through the fixed 
line. 

208. Suppose, for example, that we apply the formula to 
find the volume of the eighth part of a sphere. Integrate 
with respect to r first ; we have 



/' 



dr = — , 



Suppose a the radius of the sphere, then the limits of r are 
and a ; thus 



V=jjjQm0d<f>d0. 
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In thus integrating with respect to r, we collect all the 
elements like r* sin A(f> A0 Ar which compose a pyramidal 
solid, having its vertex at the center of the sphere, and for its 
base the curvilinear element of spherical surface, which is 
denoted by a* sin 5 Atj) A0. 

Integrate next with respect to 5 ; we have 



/■ 



sin 0d0= — cos ; 



the limits of are and — ; thus 

In thus integrating with respect to 0, we collect all the 

pyramids similar to |' sin 6 A</. ^6 which form a wedge- 

shaped slice of the solid contained between the two planes 
through the fixed line corresponding to (f> and (f> + A^. 

IT 

Lastly, integrate with respect to ^ firom to ; thus 

^' 6 • 

In this example the integrations may be performed in any 
order, and the student should examine and illustrate them. 

209. A right cone has its vertex on the surface of a 
sphere, and its axis coincident with the. diameter of the 
sphere passing through that point; find the volume com- 
mon to the cone and the sphere. 

Let a be the radius of the sphere; a the semi-vertical 
angle of the cone, V the required volume, then the polar 
equation to the sphere with the vertex of the cone as origin 
is r = 2a cos 0. Therefore 






COS 9 

/ sin d<f> d0 dr. 



210. The curve r = a (1 + cos 0) revolves round the ini- 
tial line, find the volume of the solid generated. 
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Here the required volume 

•w /•2ir/'a (l+costf) 

r' sin d6 d(f> dr 

C '' 

27ra' f"" 



'ITf 

•^ 0«' ft •'A 



J A 



It will be found that this =--r— 



EXAMPLES. 

1. If the curve y^ {x — 4a) =:ax{x — 3a) revolve round the 

axis of X the volume generated from x = to x=Sa 

is !1^ (15 - 16 log 2). 

2. A cycloid revolves round the tangent at the vertex, 

shew that the volume generated is TT^a^. 

3. A cycloid revolves round its base; shew that the 

volume generated is 57r*a'. 

4. The curve y* (2a — x)=x^ revolves round its asymp- 

tote; shew that the volume generated is 27r*a^. 

5. The curve xy^ = 4a* (2a — x) revolves round its asymp- 

tote ; shew that the volume generated is 47^*a^ 

6. Find the volume of the closed portion of the solid 

generated by the revolution of the curve (^ — b^Y = a^x 
round the axis of y. 

P , 256 7rJ9 

7. Express the volume of a frustum of a sphere in terms of 

its height and the radii of its ends. 
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' 8. If the curve ^ = 2mx + nx^ revolve about the axis of x 
find the volume of any frustum; and shew that it 
may be expressed either by 



^ (6' + c' - J nh') or by ,rA (»' + ^ 

where h is the altitude of the frustum and h, c, r are 
the radii of its two ends and middle section. Deduce 
expressions for the volume of a cone and spheroid. 

9. Find by integration the volume included between a 
right cone whose vertical angle is 60^, and a sphere 
of given radius touching it along a circle. 

Result. -^. 

10. If a paraboloid have its vertex in the base, and axis in 

the surface of a cylinder, the cylinder will be divided 
into parts which are as 3 : 5 by the surface of the 
paraboloid ; the altitude and diameter of the base of 
the cylinder and the latus rectum of the paraboloid 
being all equal. 

11. Determine the volume of the solid generated by the re- 

volution of the curve {x^-^-yY = a^x^ + jy about the 
axis of y, supposing a greater than b. Shew what 
the result becomes when a=b. 

12. Find the volume of the solid formed by the revolution 

of the curve (y* + x^ = <^ ip^ — y^) round the axis of x. 

s r 

Result, -r- 



;^ log (1 + V2) - j} . 



13. A paraboloid of revolution has its axis coincident with 
a diameter of a sphere, and its vertex outside the 
sphere ; find the volume of the portion of the sphere 
outside the paraboloid. 

78 

Result. —T- where h is the distance of the two 
6 

planes in which the curves of intersection of the sur- 
faces are situated. 
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14. Find the volume cut off from the surface 

C 

by a plane parallel to that of (y, z) at a distance a 
from it. Result. 7ra^A/{bc). 

15. A quadrant of an ellipse revolves round a tangent at 

the end of the minor axis of the ellipse ; shew that 
the volume included by the surface formed by the 
curve is 

^' (10 - 3.). 

16. Find the volume of the solid generated by the revolu- 

tion of the closed part of the curve 

a?-3aay + f = 
round the line a?+y = 0. t> i. ^tt^^' 

17. If the axes of two equal circular cylinders of radius a 

intersect at an angle ^, the volume common to both is 

— — — "5 ; and the surface of each intercepted by the 

., . 8a« 
other IS -; — s. 
smp 

18. Find the volume enclosed by the surfaces defined by 

the equations 

a? + i/^ = cz, a? + y^ — ax, z = 0, 

illustrating by figures the progress of the summation. 

Result, -r^r— . 
32c 

19. If /S be a closed surface, dS^ an element of 8 about a 

point P at a distance r from a fixed point 0, and 
<f> the angle which the normal at F drawn inwards 

T. I. C. 11 
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makes with the radius vector OP, shew that the 
volume contained by the surface 



= J jr cos (f> dS, 



the summation being extended over the whole sur- 
face. 

Taking the centre of an ellipsoid as the point 0, 
apply this formula to find its volume interpreting geo- 
metrically the steps of the integration. 

20. The centre of a variable circle moves along the arc of a 

fixed circle; its plane is normal to the fixed circle, 
and its radius equal to the distance of its centre from 
a fixed diameter; find the volume generated, and if 
the solid so formed revolve round the fixed diameter, 
shew that the volume swept through is to the volume 
of the solid as 5 to 2. 

21. Find the value oi lljx^dx dy dz over the volimie of an 

ellipsoid. p , ^Lira^ic 

15 

22. The centre of a regular hexagon moves along a diameter 

of a given circle (radius = a), the plane of the hexagon 
being perpendicular to this diameter and its magni- 
tude varymg in such a manner that one of its diago- 
nals always coincides with a chord of the circle ; shew 
that the volume of the solid generated is 2 *s/S a\ 
Shew also that the surface of the solid is 

a' (27r + 3 V3). 

23. Determine the limits of integration in order to obtain 

the volume contained between the plane of (a;, y) and 
the surface whose equation is 
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24. State tlie limits of the integration to be used in apply- 

ing the formula \\\dxdydz to find the volume of a 
closed surface of the second order whose equation is 
aa? + 6^ + cz^ + afyz -f- Vxz + c'xy = 1. 

25. State between what limits the integrations in 

^dxdydz 



III' 



must be performed, in order to obtain the volume 
contained between the conical surface whose equa- 
tion is 

and the planes whose equations are a? = 5? anda; = 0; 
and find the volume by this or by any other method. 

Result. -^ . 

26. State between what limits the integrations must be 

taken in order to find the volume of the solid con- 
tained between the two surfaces cz = tyio? -\- ny^ and 
z — ax-\-hy\ and find the volume when 

27. A cavity is just large enough to allow of the complete 

revolution of a circular disc of radius c, whose centre 
describes a circle of the same radius c, while the plane 
of the disc is constantly parallel to a fixed plane, and 
perpendicular to that of the circle in which its centre 
moves. Shew that the volume of the cavity is 

f (37r + 8). 

28. The axis of a right cone coincides with the generating 
line of a cylinder; the diameter of both cone and 
cylinder is equal to the common altitude; find the 

11—2 
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surface and volume of eaeli part into which the cone is 
divided by the cylinder. 

Besults, 
Surfaces, a* and a" ; 

b b 

^, 87r + 27V3-64 , , 64-27 V3-27r 3 
Volumes, ^ a' and ^ or ; 

where a is the radius of the base of the cone or 
cylinder. 

29. Find the volume of the cono-cuneus determined by 

which is contained between the planes a? = and x=a, 

ItesuU. —z — . 



30. A conoid is generated by a straight line which passes 
through the axis of z and is perpendicular to it. Two 
sections are made by parallel planes, both planes 
being parallel to the axis of z. Shew that the 
volume of the conoid included between the planes is 
equal to the product of the distance of the planes into 
half the sum of the areas of the sections made by the 
planes. 
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CHAPTER IX. 

DIFFERENTIATION OF AN INTEGRAL WITH RESPECT TO ANY 
QUANTITY WHICH IT MAY INVOLVE. 



gral with respect to some quantity which it involves ; this 

mi 



211. It is sometimes necessary to differentiate an inte- 
al with respect to some q^uant 
question we snail now consider. 

Required the differential coefficient of I (f> {x) dx with 

respect to 5, supposing <\> (x) not to contain b, and a to be 
mdependent of b. 

Let u= I ^{x)dx; 

J a 

suppose b changed into 5 + AJ, in consequence of which 
u becomes u + Au; thus 



rb+Ab 

u + Au= I <l>{x) dx; 

J a 



a 



rb+^b rb 

therefore Aw = I <j>(x) dx -- I (j) {x) dx 

J a J a 



< 



&+A& 

^ (oj) dx, 
b 

Now, by Art. 40, 

rb+Ab 

J <f>{x)dx = Ab(l>{b+e/!ib), 

where is some proper fraction ; thus 

Au 



■^ = <f>{b + dAb). 
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Let A5 and Aw diminish without limit ; thus 

212. Similarly, if we differentiate u with respect to a, 
supposing 6 (x) not to contain a, and h to be independent 
of a, we obtain 

213, Suppose ^ (a?) to contain a quantity c, and let it 
be required to find the differential coefficient of | (f> {x) dx 

J a 

with respect to c, supposing a and J independent of c. 

Instead of ^ [x) it will be convenient to write <f> {x, c), 
so that the presence of the quantity c may be more clearly 
indicated ; denote the integral by w, thus 



u 



I ^ (a?, c) dx. 

J a 



Suppose c changed into c + Ac, in consequence of which u 
becomes u + Au; thus 



u + Au =1 (f>{x,c + Ac) dx ; 

J a 



therefore Aw =» I <f>{x,c + Ac) dx— I (f>{x,c)dx 

J a J a 

= 1 {^ (a;, c + Ac) — ^ (a?, c)} rfa? ; 

J a 

thus ^ = i" ija£±^^^^±s^ dx. 

Ac J „ Ac 

Now by the nature of a differential coefficient we have 

j> (a;, c+ Ac) -- ^ (a?, c) _ d^ {x, c) 

Ac dc "^ ^' 
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where p is a quantity which diminishes without limit when 
Ac does so. Thus we have 



t-f.^^^-f/^ 



When Ac is diminished indefinitely, the second integral 
vaoiBhes ; for it is not greater than {b — a) p' where ff is 
the greatest value p can have, and p' ultunately vanishes. 
Hence proceeding to the limit, we have 



dc J a dc 



214. It should be noticed that the preceding article sup- 
poses that neither a nor b is infinite ; if, for example, b were 
mfinite, we could not assert that (6 — a) p' would necessarily 
vanish in the limit. 

215. We have shewn then in Art. 213 that 

i£*,«,c),^.£#M^ (')■ 

We will point out a useful application* of this equation. 
Suppose that yjr (x, c) is the function of which (j) {x, c) is 
the differential coefficient with respect to x, and that x (^> ^) 

is the function of which ^ ^ is the differential coefficient 

ac 

with respect to x ; thus (1) may be written 

dyjr (5, c) dyjt (a, c) ,, v . v .^. 

let us suppose that b does not occur in ^ {x, c), and that 
a is also independent of b ; then (2) may be written 

^^ + C^X(J>,c) (3), 

where G denotes terms which are independent of b, that 
is, are constant with respect to J. Hence as b may have 
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any value we please in (3), we may replace b by a?, and 
write 

This equation may be applied to find % (a?, c) ; as the 
constant may be introduced if required, we may dispense 
with writing it, and put (4) in the form 

For example, let ^ (a;, c) =- g— g; then 

j<f> {x, c) dx = J j^.^ = - tan"' ex, 



=-/; 



2ca? 



(1 + cV) 
dx 



dx. 



Thus from knowing the value of I- g— j we are able to 

J X "T~ C X 

deduce by difierentiation the value of the more complex 
216. Required the differential coefficient of / <f) {x, c) dx 

J a 

with respect to c when both h and a are ftmctions of c. 

du 
Denote the integral by u ; then -^ consists of three terms, 

one arisinff from the fact that d> {x, c) contains c, one from 
the fact that b contains c, and one from the fact that a 
contains c. 
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Hence by the preceding articles, 

du _ r^ d^ (a?, c) , dudb du da 
dc J a dc db dc da dc 

[^d<l>{x,c) y ,, .db .. .da 

217. With the suppositions of the preceding article we 
may proceed to find -^ . By differentiating with respect to c 

the term I ^ V dx we obtain 
Ja dc 

[^ d^^ {x, c) , d^ (6, c) 6^5 (i^ (a, c) ^ 
Ja 6?c* dc dc dc dc* 

du 
From the other tenns in -j- we obtain by differentiation 

. ,j .d'b,d4> {b, c) fdby , d<f> (b, c) ib 
,, > ffa d<f> (a, c) /da\' d^ {a, c) da 

Thus g=£^!^,i„ 

, , V d^a d6 (a, c) /da\^ _ dd) {a, c) da 

-<^(«,c)^. — d^[di)-^—dr-dS- 

d^u 
Similarly -7-5 may be found and higher differential co- 
efficients of w if required. 
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DIPFERBNTIATION OP AN INTEGRAL 



218. The following geometrical illustration may be given 
of Art. 216. 




ITN' 



Let y = ^ (a?, c) be the equation to the curve APQ, and 
y = ^{x,c + Ac) the equation to the curve A'P' Q\ 



Let 



MM' = Aa, NN* = A6. 



Then u denotes the area PMNQ, and u + Aw denotes the 
area FM'N'Q. Hence 



and 



Lu = P^jt^' + QNN'q - PMM% 
Lu PpqQ . QNlTq PMM'p 



Ac 



Ac 



Ac 



Ac 



It may easily be seen that tlie limit of the first term is the 
limit of f '^ ('"' ^ + ^^^ - '^ ('^' ^) tfo; that the limit of the 

second term is the limit of , (J, c) -^^ , and that the limit 



Ac 



Aa 



of the third term is the limit of ^ (a, c) -r— . This gives the 
result of Art. 216. 
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219. Example, Find a curve such that the area between 
the curve, the axis of a;, and any ordinate, shall bear a con- 
stant ratio to the rectangle contained by that ordinate and the 
corresponding abscissa. 

Suppose ^ {x) the ordinate of the curve to the abscissa x ; 

then I ^{x) dx expresses the area between the curve, the 

axis of X, and the ordinate ^ (c) : hence by supposition we 
must have 



f 



d> (x) dx = 



where n is some constant. This is to hold for all values of c; 
hence we may differentiate with respect to c; thus 

n n 

therefore c<^' (c) = (n — 1) <^ (c), 

and ^==— • 

By integration log ^ (c) = (n — 1) log c + constant ; 
thus <^ (c) = ^c""S 

and i\> [x) = -4a;'*"\ 

which determines the required curve. 

220. Find the form of <^ (a?), so that for all values of c 

j x{<l>{x)Ydx ^ 






^dx ~ 



By the supposition 

fx{<f>(x)Ydx = ^f{.}>{x)Ydx. 
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Differentiate with respect to c ; thus 

thus c (l - i) {<^ {c)Y = i £ {^ (a;)}' e^a,. 

Differentiate again with respect to c ; 

thus (l-i){,^(c)r + 2c(l-l).^(c)<^'(c) = i^'; 

hence (l - ^)^ (c) + 2c(l -i) ^'(c) =0; 

therefore |M=_iz^l. 

Integrate ; thus 

log <f> (c) = ^ ~ ^^. log c + constant ; 



2-« 



therefore ^ (c) = ^c^ (»-i), 

where A is some constant ; thus we have finally 



2-n 



This is the solution of a problem in Analytical Statics, 
which may be enimciated thus : The distance of the centre 
of gravity of a segment of a solid of revolution from the 

vertex is always - th part of the height of the segment ; find 

the generating curve. The required equation ia y = <f>{x). 

221. Find the form oi^{x) so that the integral -^-jj-^ — r 

may be independent of c. 

Denote the integral by u, and suppose x^cz; thus 

_ C^ (f> {x) dx ___ r* aJc ^ (cz) dz 
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Since w is to be independent of c, the differential coeflScient 
of u with respect to c must vanish. Now 

dc h \/(l — ^) 

Jo 2c\/(c — a?) 

This last integral then must vanish whatever c may be ; 
hence we must have 



therefore 



^ (x) + 2x ^' {x)=0; 
j>^{x)__ 1. 



^ {x) 2x ' 
therefore log <^ (a?) = — i log x + constant, 

therefore ^ {x) = -y-. 

^ X 

This is the solution of a problem in Dynamics, which may 
be thus enunciated. Find a curve, such that the time of 
falling down an arc of the curve from any point to the lowest 
point may be the same. If s denote the arc of the curve 
measured from the lowest point, then 

da 

^ =<f>{x) and s = 2A ^/x; 

so that the curve is a cycloid. 
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CHAPTEE X. 



ELLIPTIC INTEaBALS. 



222. The integrals j—-^.^^ , j^{i - c» sin* ^) dB, 

*°^ /(l+asin'g)V(l-c'sin'g) ' "^^ ^"'* "^^^^^^ -^"^ 
<ibn« or elliptic integrals of the first, second, and third order 
respectively; the first is denoted by F{cj 0)^ the second by 
E(c, 0)y and the third by 11 (c, a, 0). The integrals are all 
supposed to be taken between the limits and 0, so that they 
vanish with 0; is called the amplitude of the function. 
The constant c is supposed less than unity; it is called the 
modulus of the function. The constant a, which occurs in the 
function of the third order is called the parameter. When 

the integrals are taken between the limits and — , they 

are called complete functions; that is, the amplitude of a 

complete function is ~, 



223. The second elliptic integral expresses the length of a 
portion of the arc of an ellipse measured from the end of 
the minor axis, the excentricity of the ellipse being the 
modulus of the function. From this circumstance, and from 
the fact that the three integrals are connected by remark- 
able properties, the name elliptic integrals has been de- 
rived. 
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224. The subject of elliptic integrals is very extensive; 
we shall merely give a few of the simpler results, and refer 
the student for niUer investigations to Ehrmers's Integral 
Calculus, or to the writings of Legendre, tfacobi and Abel, 

225. If and ^ are connected by the equation 

F{c,0) + F{c,<l>)^F{c,fi), 
where /u. is a constant ; then will 

cos cos <^ — sin ^ sin ^ V(l — c' sin' fi) = cos fi. 

Consider and ^ as functions of a new variable t, and 
differentiate the given equation; thus 

Now as t is a new arbitrary variable, we are at liberty to 
assume 

§ = V(l - c» sin" 6), 
thus from the equation (1) 

^ V(l-c'8in».^). 

Square these two equations and differentiate ; thus 
-^ = — c sm ^ cos 0, -^ = — cr sm 9 cos 9; 

therefore, — r7^ "* "" 2 ^^^^ ^^ - ®^ ^^)' 
Let + <|>s=^|r and ^ — ^=x; thus 

-^ = -c'smifrcosx, -^ =-crsmxcosifr. 
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d^jr d^ 

therefore - j^^^ ^^ = cot %, ^^^ ^^ = cot i^ ; 
therefore 



de 


df 


^V^^x""*^' 


d^lrdx 


dt dt 


dt dt 



^°S§) = I^°S«^X' l(^"sf)=|logsm>^; 



therefore log --^ = log sin % + constant, 

therefore -^ = ^ sin % 



(2), 



and similarly, -^ = J5 sin i|r 

where A and J5 are constants. 

Hence -4 sin ;^ -^ = J5 sin i|r -^ , 

therefore ^ cos% = J5cosi|r+ C (3). 

Now from the original given equation we see that if ^ = 

therefore then = fi and ;^ = i|r = /Lt; 

thus from (3) {A - B) cos ti=C\ 

thus A cos (5 — ^) =jBcos (^ + <^)4- {A-^B) cos/^; 

therefore 

[A — B) cos5cos<^ + (^ + jB) sin 5 sin <^ = (^ - jB) cos /x...(4). 

In (2) put for -~ its value 

V(l - c* sin» 6) - V(l - ^ 9in* <^), 
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and for ^ its value 

V(l - c* sm*0 + V(l - c* 8m»<^), 
and then suppose <^ = 0; thus 

V(l — (? sin' /Lt) — 1 = ^ sin /x, 
and V(l — <? sin' /u.) + 1 = 5 sin /ia. 

Substitute for A — B and J. + jB in (4) ; 
thus cos d cos </> — V(l — <? sin' /a) sin ^ sin ^ = cos /a. 

226. The relation just found may be put in a different 
form. Clear the equation of radicals ; thus 

(cos ^ cos ^ — cos /Lt)'= (1 — c' sin' fi) sin' sin' </> ; 

therefore 

cos' 6 + cos' </> + COS'/Lt — 2 cos ^ cos j> QOSfl 

= 1 — c' sin' /A sin' sin' ^. 

Add cos' <f> cos' /x to both sides and transpose ; thus 
(cos ^ — cos <^ cos fiY 

= 1 — cos'</> — cos' fi + cos' ^ cos' fi — c^ sin' /A sin' ^ sin' <j> 

= sin'^ sin' /u, (1 — c' sin' ^) ; 

therefore cos ^ = cos </> cos /a + sin ^ sin /a \/(1 — c' sin' ^). 

The positive sign of the radical is taken, because when 
^=0, we must have ^=/a. 

227. We shall now shew how an elliptic function . of the 
first order may be connected with another having a different 
modulus. 

Let F{c, 0) denote the function ; assume 

^ sin 2<^ 

tan^ = -— ^ ; 

c + cos 29 

T. I. c. 12 



178 ELLIPTIC INTEGRALS. 

1 SB 2(l+CCOS2<^) 



therefore 



cos* 6 d^ (c + cos 2^) 



S 9 



therefore ^ = ^(^+^<^^«^^) 

tnerelore rf<^ " 1 + 2c cos 2<^ + c« 

And 1 - c' sm*^ = 1 - - 



therefore 



1 + 2c cos 2<^ + c* 

1 +2c cos 2<^ +c^ cos' 2<ft 
l + 2ccos2^ + c* ' 



f <Zg __ / • 2(l+cco3 2^) V(l + 2cco3 2<ft + c') ^. 

j V(l - c' sin'^) "" jl + 2c cos 2<^ + c* • 1 +c cos 2^ ^ 



■i* - 2 l^li_^5_,i„..| 



V(l + 2ccos2</>+c') l + c^V( (1+c) 



No constant is added "because ^ vanishes with Q, Thus 

« 4c , . ^ sin 2<^ 

c'= ,, . x2 and tane = — ^. 

^ (IH- c)* c + cos 2</> 

The last relation may be written thus 

c sin ^ = sin (2<^ — 6). 

We may notice that c^ is greater than c for 



*>._ * 



C* 0(1 + 0)"' 

and since c is less than unity, 4 is greater than c (1 + c)*. 
If ^ = — , then 6='rr; thus 
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228. We will give one more proposition in this suWect, 
by establishing a relation among Elliptic Functions oi the 
second order, analogous to that proved in Art. 225 for func- 
tions of the first order. 

If cos cos <^ — sin ^ sin <^ V(l — <^ sin*/x) = cos /x, 

then will 

E {c, 0)+E{c, ^) -E{c, fi) = c' sin ^ sin ^ sin fi. 

By virtue of the given equation connecting the amplitudes, 
^ is a function of ; thus we may assume 

E{c,ff)+E (c, ,I>)-E (c, /*) =f{0). 
Differentiate; thus 
f {0) = V(l -c» sin^ 0) + V(l - c' sin» ^ 

_ cos — cos <^ COS fl COS ^ -- COS COS fl d<l> 

sin <^ sin /x sin ^ sin /li d0 

(by Art. 226), 

_ <?{sin'^+siii'^+2cos^cos^cos/^} 1 

d0 2sin^sin^8in/Li' 

But sin' + sin* </> + 2 cos cos ^ cos /u. 

= 1 + cos*/Lt + c* sin' sin' ^ sin'/Li ; 

thus ^,(g)^^^(8mg8m<^8in/.) 

Therefore, by integration 

y*(^) = c' sin ^ sin ^ sin /a. 

No constant is added, because f{0) obviously vanishes 
with 0. 



12—2 
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CHAPTER XI. 



CHANGE OF THE VAEIABLES IN A MULTIPLE INTEGRAL. 



229. We have seen in Art. 62 that the double integral 

n^ {xj y) dx dy is equal to I I </> (a?, y) dy dx when the 

limits are constant^ that is, a change in the order of integra- 
tion produces no change in the limits for the two integrations. 
But when the limits of the first integration are functions of 
the other variable, this statement no longer holds, as we have 
seen in several examples in the seventh and eighth chapters. 
We add here a few additional examples. 

230. Change the order of integration in 



^ (aj, y) dx dy. 

w 




The limits of the integration with respect to y here are 
y = and y = is/{c? — a?) ; that is, we may consider the 
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integral extending from the axis of x to the boundanr of a 
circle, having its centre at the origin, and radius equal to a. 
Then the integration with respect to x extends from the axis 
of y to the extreme point A of the quadrant. Thus if we 
consider z = ^{x^y) as the equation to a surface, the above 
double integral represents the volume of that solid which is 
contained between the surface, the plane of (a?, y), and a line 
moving perpendicularly to this plane round the boundary 
OAPBO. 

It is then obvious from the figure that if the integration 
with respect to x is performed first, the limits will be a? = 
and a?= V(«*"~^)> ^^^ ^^^ the limits for y will be ^ = 
and y = a. Thus the transformed integral is 



</> (»» y) dy dx. 

w 

231. Change the order of integration in 

rj raa cos 9 

j>{r,0)rd6dr. 

J n J n 




Let Ou4 = 2a, and describe a semicircle on OA as dia- 
meter. Let POX = 0, then 0P= 2a cos 0. Thus the 
double integral may be considered as the limit of a sum- 
mation of values of ^ (r, 0) r £i0 Ar over all the area of the 
semicircle. Hence when the order is changed we must inte- 



grate for from to cos"^ — , and for r from to 2a. 
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CHANGE OF THE VARIABLES 



Thus the transformed integral is 



jto^cos-i- 



I / <l>{r,e)rdrdd. 

J J 



232. Change the order of integration in 

j^, ^{x,y)dxdy. 



f 

J n 



4a 




The integration for y is taken from y = — to t/ = Sa—x. 

a? 
The equation y = — belongs to a parabola Oii?, and 

y = 3a — a? to a straight line BLG, which passes through i, 
the extremity of the latus rectum of the parabola. 

Thus the integration may be considered as extending over 
the area OLBSO, Now let the order of integration be 
changed; we shall have to consider separately the spaces 
0L8 smA BL8. For the space 0L8 we must integrate 
from a? = to a; = 2 s/{ay)^ and then from y = to y = a ; 
and for the space BLS we must integrate from aj = to 
oj = 3a — y, and then from y = a to y = 3a. Thus the trans- 
formed integral is 

<t>{oc,y) dydx+l I <l>{x,y)dtfdx. 

„ a J a J n 
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233. Change the order of integration in 

•1 rflj{2-a5) 



nflj{2-a5) 
^{x,y)dxdy. 



Here the integration with respect to y is taken from y = a; 
to y = a? (2 — a;). The equation y = x represents a straight 
line, and y = a? (2 — a;) represents a parabola. The reader 
will find on examining a figure, that the transformed inte- 
gral is 

n^ (^, y) dy dx. 



234. Change the order of integration in 

j> {x, y) dx dy. 

Here the integration with respect to y is taken from 
yz=z»J{c? -^a?) to y=aj + 2a. The equation y = VC^'* — ^) 
represents a circle, and y = a? + 2a represents a straight line. 
The reader will find on examining a figure, that when the 
integration with respect to x is performed first, the integral 
must be separated into three portions; the transformed in- 
tegral is 

na r2a ra 

^ (aJ, y)dydx+l <l> {x, y) dy dx 



rza ra 

I I ^{^y y) ^y ^• 

J 2aJ y-2a 



235. Change the order of integration in 

h 

j j ^{^yy)^ ^y* 



O-'o 



Here the integration with respect to y is taken from y = 
to y = T . The equation y = , represents an hyper- 

"T" X "J" X 

bola ; let BBE be this hyperbola, and let OA = a. Then 
the integration may be considered as extending over the 
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JE 



,^i. 



space OBDA. Let the order of the integration be changed ; 
we shall then have to consider separately the spaces OADG 
and CDB. For the space OADG we must integrate from 

a; = to a? = a, and then from y = to v = i • For the 

space GDB we must integrate from x = to x=— — , 

and then from y = ■= to v = 1- Thus the transformed in- 

^ b + a ^ 

tegral is 



y 



j j <l>{^yy)dydx-\- j ^ J <^{x,y)dydx. 



5+a 



236. Change the order of integration in 



where h = 



. The transformed integral is 
j j <A(^>y)%^ + j / "^ ^{^jy)dydx. 



\+/* 
y 



IN A MULTIPLE INTEGRAL. 185 

237. Change the order of integration in 

my 
(f) (a?, y, z) dx dy dz. 
I 



ceo 



The integration here may be considered to be extended 
throughout a pyramid, the bounding planes of which are 
given by the equations 



z = Oy «=y, y = a;, x = a. 

The integral may be transformed in different ways, and 
thus we obtain 

(f) {Xy y, z] dy dx dzj 

d'' V J 



or 



or 



or 



or 



ml 
„ - 
ra Mf ra 

/ / <f> {x, y, z) dy dz dx, 

ma 
(f) {x, y, z) dz dy dx, 

mx 
(f) {Xy y, z) dx dz dy, 
w „ J 

mx 
4> {^j yy ^) ^^ ^ ^y- 
„ _ J 



These transformations majr be verified by^ putting for 
^ {x, y, z) some simple function, so that the integrals can 
be actually obtained ; for example, if we replace ^ {x, y, z) 

by unity, we find — as the value of any one of the six 

forms. 

238. These examples will sufficiently illustrate the sub- 
ject; it is impossible to lay down any simple rules for the 
discovery of the limits of the transformed integral. It is not 
absolutely necessary to draw figures as we have done, for the 
figures convey no information which could not be obtained by 
reflection on the different values which the variables must 
have, in order to make the integration extend over the range 
indicated by the given limits. But the figures materially 
assist in arriving speedily and correctly at the result. 
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We now proceed to the problem which Is the main object 
of the present chapter, namely, the change of the variables in 
a multiple integral. We begin with the case of a dcmble 
integral. 

239. The problem to be solved is the following. Required 

to transform the double integral 1 1 Vdx dy^ where F is a 

function of x and y, to another double integral in which the 
variables are u and v, the old and new variables being ccmr 
nected by the equations 

<^i («, y^ ^, ^) = <^a {x, y, u, v) =0 (!)• 

We suppose that the original integral is to be taken be- 
tween known limits of y and a? ; as we integrate with respect 
to y first, the limits of y may be functions of x. Of course 
while integrating with respect to y we regard x as constant. 

We first transform the inte^al with respect to y into an 
integral with respect to v. This is theoretically very simple; 
from equations (1) eliminate u and obtain y*as a function of 
X and V, say 

y = ir{x,v) (2), 

from which we get 

dy = 'yjr' (a:, v) dv, 

where '>f/ {x, v) means the differential coefficient of yfr {x, v) 
with respect to v. 

Substitute then for y and dy in I Vdy^ and we obtain 

I ^1 '^' (^) ^) ^^) where F^ is what F becomes when we put 

for y its value in F. Hence the original double integral 
becomes 



ilV^'^Jr' {x, v) dx dv. 



Thus we have removed y and taken v instead. As the 
limiting values of y between which we had originally to 
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integrate are known, we shall from (2) know the Ibniting 
values of v, between which we ought to integrate. It will be 

observed, that in finding -^ from (2), we supposed x constant; 

this we do because, as already remarked, when we integrate 
the proposed expression with respect to y we must consider x 
constant. 

The next step is to change the order of the above integra- 
tion with respect to x and v, that is, to perform the integra- 
tion with respect to x first. This is a subject which we have 
already examined ; all we have to do is to determine the n&vo 
limits properly. Thus supposing this point settled, we have 
changed the original expression into 



/ 1 ^i'^ (cc, v) dv dx. 



by u. We proceed precisely as before. From equations (1) 
emninate y, and obtam a; as a function of v 



It remains to remove x from this expression and replace it 

Trom equati 
and u^ say 

aj=X(^>^) ••••(3)> 

from which we get 

where %' {v, u) means the differential coefficient of % (^) ^) 
with respect to u. 

Substitute then for x and dx, and the double integral be- 
comes 



JJV^^^ (oj, v) %' (v, u) dv du, 



where F' is what V^ becomes when we put for x its value in 
V^. Thus the double integral now contains only u and v, 
since for the x which occurs in yfr' {x, v) we suppose its value 
substituted, namely, x (^> ^)' Moreover since the limits 
between which the integration with respect to x was to be 
taken have been already settled, we know the limits between 
which the integration with respect to u must be taken. 
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We have thus given the complete theoretical solution of the 
problem ; it only remains to add a practical method for de- 
termining 'yjr' (a?, v) and %' (v, u) ; to this we proceed. 

We observe that '\f/ {x, v) or -^ is to be found from equa- 
tions (1) by eliminating u, considering x constant; the fol- 
lowing is exactly equivalent; from (1) 

dy dv du dv dv * 
#2 % I #2 ^^ I #a ^ Q^ 

Eliminate -^: thus 
dv 

d^^^d^ d<f>^ dy ^ d<l>^ 
dy dv dv _ dy dv dv 

du du 

c?y <fe rf^ du dv 
dv d(f>^ d<f)^ d(f>^ d<t>^ ' 
e^z£ tfy dy du 



therefore 



This then is an equivalent for ^fr' [x, v). 

dx 
Again, x^ {v, u) or -7- is to be found from equations (1) by 

eliminating y, regarding v as constant; the following is 
exactly equivalent; from (1) 

d^^^d^ dy^d^,^^ 
dx du dy du du ' 

#2 ^^ I #2 % , #2^0^ 
dx du dy du du 
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From these equations by eliminating -^ we find 

dx du dy dy du 
du d<f>^ d(f>^ d<f)^ d<f>/ 
dy dx dx dy 

This then is an equivalent for x^ (^, ^)- 

d<f>^ d<f)^ d<f>^ d<f>^ 

rp'L^c t / f^ \ / / \ dv du du dv 

Thus t C^', t,) X {V, u) =^^-^-^. 

dy dx dx dy 

Hence the conclusion is that 

d^^ c?<^2 e?<^j d<f>^ 

//"■^^'//''iSl** w. 

fl?y dx dx dy 

where after the differentiations have been performed, we must 
put for X and y their values in terms of u and v to he found 
from (1) ; also the values of x and y must be substituted 
in V. 

An important particular case is that in which x and y are 
given explicitly as functions of u and v ; the equations (1) 
then take the form 

«-/i(^»^) = o» y-/2(w, v) = o (5). 

Here ^^ = 1 ^ = ^ = ^»=:1 

and the transformed integral becomes 

J J \du dv dv duj 

where we must substitute ioft x and y their values from 
(5) in F. 
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Thus we may write 

ll^'^'y-Hmi-iiy''- («)• 

The formulae in (4) and (6) are those which are usually 
given; they contain a simple solution of the proposed problem 
in those cases where the limits of the new integrations are 
obvious. But in some examples the difficulty of determining 
the limits of the new integrations would be very great, and 
to ensure a correct result it would be necessary instead of 
using these formulae, to carry on the process precisely in the 
manner indicated in the theory, by removing one of the old 
variables at a time. 

240. The following is an example. 

Kequired to transform I I Vdx dy, having given 

y-^x^u, y =^uv. 



From the given equations we have 




x = u{l — v), 


y = uv; 


^T_ dx ^ dx 
thus -^-=1 — v =—2^ 

du dv 


dy ^ dy __ 
du" ^ dv" ' 


^, « dx dy dx dy ,^ 
therefore -^ ^ — -?- -^ = u\\ 

du dv dv du ^ 


— t?) + t*t? = w. 



Hence by equation (6) of Art. 239, we have 



I / Vdx dy = IjVudvdu; 



but we have not determined the limits of the integrations with 
respect to u and t?, so that the result is of little value. We 
will now solve this example by following the steps indicated 
in the theory given above. 
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From the given equations connecting the old and new 
variables we eliminate u; thus we have 

vx ^^ 1^ dy X 

y = -^ > therefore -f- = -j- r= ; 

to the limits ^ = and y = J, correspond respectively v = 

and V = ^ ; thus 

h + x 

b 

rrvdxdt,= n''^''v,x{i^vrdxdv. 

We have now to change the order of integration in 

b 



n^^''r,x{l'-v)"dxdv. 



This question has been solved in Art. 235 ; hence we obtain 

b 



Vdxdy=\ I V^x {\ - vy dx dv 

. b a b(l-v) 

= r^''f V,x{\^vydvdx+[ f "" V.xil-vrdvdx. 

We have now to change x for u where 

dtX 

thus we obtain 

b a b 

jb+aji -V ^,^ ^^clu+i r V'u dv dUy 

since to the limits and a for x correspond respectively and 

--^ for w, and to the limits and "^ for x correspond 
1 — v V 

respectively and - for u. 



. 192 CHANGE OF THE VARIABLES 

If a = J the transformed integral becomes 

la a 



l^l^'''V'u dv du + [ r V'u dv du. 

2 

If a is made infinite, these two terms combine .into the 
single expression 

noo 
V'udvdu. 



0*' 



nc-x 



241. Second Example. Kequired to transform 

V dx dy^ 

having given y + a; = w, y — uxi. 

Perform the whole operation as before ; so that we put 

vx :, dy X 

y = - and-f- = 7- r^. 

^ 1 — t? dv (1 — -y) 

When y = we have t; = 0, and when y ^c — x we have 

C " X 

V = . Thus the integral is transformed into 

c-x 

n ' V^x{l-vydxdv. 

•/ "^ 

Now change the order of integration ; thus we obtain 

'1 rc{i-v) 



nc{l-v) 
V^xil-vPdvdx. 




dx 
Now put ic = w (1 — t?) and -r- = 1 — t? ; the limits of u 

will be and c. Hence we have finally for the transformed 
integral 

nV'u dv du, 
(1 



•' 
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242. Third Hcample, Transform 1 1 Vdx dy to a double 
integral with the variables r and 6, supposing 

x=^r cos 0y y^rsmO. 

We may put for v and r for w in the general formulae ; 
thus 

dx dy dx dy « ^ . • « /i 

-7- -^ — -Y- -^ = r cos* + r sm' = ti 

du dv dv du 

and the transformed integral is 

jjV'rd0dr. 

This is a transformation with which the student is probably 
already familiar ; the limits must of course be so taken that 
every element which enters into the original integral shall 
also occur in the transformed integral. 

A particular case of this example may be noticed. Sup- 
pose the integral to be 

\\<f> {ax + hy) dx dy; 

by the present transformation this becomes 

ll<l>{h' cos {0 — a)} rd0 dr, 

where k cos a = a and ^ sin a = J. Now put ^ — a = ^, so 
that the integral becomes 



jU {kr cos ^) rdO" dr ; 



then suppose r cos ^ = a/ and r sin ^ = y' and the integral 
may be again changed to 

fU {hxf) docf dy". 
T. I. c. 13 
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Thus suppressing the accents we may write 

1 1<I> {ax + hi/) dxdy= jl<l> (kx) dx dy^ 

where Jc = ^/{a^ + h^). The limits will generally he different 
in the two integrals ; those on the right hand side must be 
determined by special examination, corresponding to given 
limits on the left hand side. 

243. Fourth Example. Transform I I Vdx dy, having 

given 

x = au-\'hv, y = hu + av, a> b. 

Eliminate u, thus ay — hx^ {c? — If) v, and the first trans- 
formation gives 

X 



nV.dxdv. 



Ix a^-^V 



where V. is what V becomes when we put 1 v for 

* ^ a a 

y. Next change the order of integration ; this gives 

a Jo J{a+b)v ' a J be J a«-6« 

a«-&2 b 

We have now to change firom a? to w by means of the 

equation x = au + bvy which gives -,- = «; the limits of u 

corresponding to the known limits of x are easily ascer- 
tained. 

Thus we have finally for the transformed integral 

e e—bv e—bv 

(a«^J^)|^^y* V'dvdu + {a'-'b')r ^^ fl^V'dvdu. 

The correctness of the transformation may be verified by 
supposing V to be some simple ftmction of x and y ; for 
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example, if F be tmity, the value of the original or of the 
traasfonned integral is ^ • 

244. Fifth Example. The area of a surface is given hj 
the integral 

//&*y{l +(*)•+ (I)} IA,..I70); 

required to transform it into an integral with respect to and 
^, having given 

z=r cos dy a; = r sin ^ cos ^, y = r sin ^ sin <f). 

From the known equation to the surface z is given in 
terms of x and y ; hence by substituting we have an equation 
which gives r in terms of and <f>. 

We will first find the transformation for dx dy : 
■-^ = -^ sin ^ cos ^ + r cos ^ cos ^, 

-7-r = ^^ sm ^ COS o — r sm ^ sm o, 
d^ d<f) ^ ^ 

-^ = -j^ Bin &m <f> + r C0& sin ^, 
d" d\j 

jf = ^:r sin ^ sin 6 + ^ sin ^ cos ^. 
a^ a<l> 

thus dxdy will be replaced by 

r sin (rcos 0+-Jn sin ^) ^^ ^^« 
We have next to transform 



s/H%Hm- 



13—2 
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We have Wl^W^d^W 

dz ^dz dx dz dy 
d<^ dx d<f> dy d<l>' 

Ai dz dr ^ , ^ 

Also ^ = ^ cos a — r sin a, 

dz dr a 

dz 
Thus ^- is a fraction of which the numerator is 
dx 

dz dy dz dy 
ddd^~"d^d0' 

that is, (-T^ cos —r sin 6) f-j7 sin sin^ +r sin cos ^ j 

— -rrcos^f-i^sin^sin^+r cos^ sin^j , 

that is, 

dt* df* 

— r &in <f> ■^'\- r ain cos cos ^ 773 — ^ bid.* cos <f>, 

and the denominator is 

dx dy dx dy 
d0 d(\> d^ d0 ' 

the value of which was found before ; thus 

CM" dv 

, r sin ^ cos cos ^-^— rsin^-^^— r^ sin' cos ^ 

r sin ^ ( r cos ^ + sin 5 -j^j 

Similarly 

dv • di* 

, r cos^-TT +r sin^ cos 5 sin ^ -^ — r* sin* 5 sin^ 



r sin ^ [r COS ^ 4- siQ 5 T3J 
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therefore 

\dx) \dy) t • i nf a • n d^V ' 

^ ^ " i" sin^ Ir COS 6 + am -js) 

and finaUy the transformed integral is 

//^{^sin'^ + g)Vsin'^(|)].#^^. 

245. There will be no difficulty now in the transformation 
of a triple integral. Suppose that Fis a function of x, y, z, 

and that 1 1 1 Vdx dydz is ix> be transformed into a triple 

integral with respect to three new variables u, Vy w, which are 
connected with x, y, z by three equations. From the investi- 
gation of Art. 239, we may anticipate that the result will 
take its simplest form whenjthe old variables are given ex- 
plicitly in terms of the new. Suppose then 

^ =fi (^> ^> ^)> y =/a K ^» ^)> « =^ K «?> ^) (!)• 

We first transform the integral with respect to z into an 
integral with respect to w. During the integration for z we 
regard x and y as constants ; theoretically then we should 
from (1) express iS as a function of a?, y, and w, by eliminat- 
ing u and V ; we should then find the diflferential coefficient of 
z with respect to w regarding x and y as constants. But 
we may obtain the required result by differentiating equations 
(1) as they stand, 

thus :r- :7- + :j :?- + :r- = ^> 

au aw av aw aw 

du dw dv dw dw ' 

^du^df^dv _^^^^^ 
du dw dv dw dw dw * 
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Eliminate -7- and ^- ; thus we find 
dv) aw 

dz N 



du dv du dv 



where JV= ^ (^ ^-^f^^£\+^ (^ ^ _ ^s ^ 
dw \du dv du dv) dw \du dv du dv) 



dw \du dv du dv 



)■ 



Hence the integral is transformed into 



/// 



du dv du dv 



where F^ indicates what V becomes when for z its value in 
terms of x, y and w is substituted. We must also determine 
the limits of w from the known limits of z. Next we may 
change the order of integration for y and w^ and then pro- 
ceed as before to remove y and introduce v. Then again we 
should change the order of integration for w and x and then for 
V and a;, and finally remove x and introduce u. And in exam- 
ples it might be advisable to go through the process step by 
step, in order to obtain the limits of the transformed integral. 
We may however more simply ascertain the final formula 
thus. Transform the integral with respect to z into an 
integral with respect to w as above ; then twice change the 
order of integration, so that we have 

du dv du dv 

Now we have to transform the double integral with respect 
to X and^ into a double integral with respect to u and v by 
means of the first two of equations (1). Hence we know 
by Art. 239 that the symbol dxdy will be replaced by 
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\du dv du dvj ' 



and the integral is finally transformed into 



/// 



V Ndw dv du, 



where V is what V becomes when for a?, y, and z, their 
values in terms of u, v, and w are substituted. 

The student will now have no difficulty in investigating 
the more complex case, in which the old and new variables 
are connected by equations of the form 

^1 (aJ, y, ^, u, V, w) = 0, 

^2 (^j y» ^> «*> ^» «^) = ^» 

^8 (^> yy ^y ^> ^J «^) = ^• 
Here it will be found that 

^-r^ ^_^ ^_:^. 
dw" D^^ dv" D^' du" D^' 

also that -Arj=jDi, and N^ = D^. 

Thus \\\vdxdydz=jjjV'^dudvdwy 

where 

^ ^2^ Ww cfe fZw fi?t?y c?i^ \rfiA dv du dv J 

d^ fd^ d^_d^ #_A 
dw \du dv du dv J ^ 

and — i>g is equal to a similar expression with x, y, z instead 
of w, Vf w respectively. 
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246. It may be instructive to illustrate these transforma- 
tions geometrically. We begin with the double integral. 




Let 1 1 VAjii dy be a double integral, which is to be taken 

for all the values of x and y comprised within the boundary 
ABGD. Suppose the variables x and y connected with two 
new variables u and v by the equations 

^ =/i {^y ^)^ y =/2 K ^) (!)• 

From these equations let u and v be found in terms of 
X and y, so that we may write 

u^F,{x,y), v = F^{x,y) (2). 

Now by ascribing any constant value to u the first equation 
of (2) may be considered as representing a curve, and by 
giving in succession different constant values to u, we have a 
series of such curves. Let then APQGhe a curve, at every 

!)oint of which i^ (a?, y) has a certain constant value u; and 
et A' SRC be a curve, at every point of which F^ (a?, y) has 
a certain constant value u+Bu. Similarly let BP8D be a 
curve, at every point of which F^ {x, y) has a certain constant 
value v; and let B'QRD' be a curve, at every point of which 
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JF[ (a?, y) has a certain constant value v + St?. Let x, y now 
denote the co-ordinates of P; we shall proceed to express 
the co-ordinates of Q, S, and R. 

The co-ordinates of ^ are found from those of P, by chang- 
ing V into v + Sv; hence by (1) they are ultimately, when ov 
is indefinitely small, 

a; + ^ Sr, and y + -^ Sv. 

Similarly the co-ordinates of S are found from those of P 
by changing u into u + Bu; hence by (1) they are ultimately 

x + -f-Su, and y + -^Su. 

The co-ordinates of iZ are found from those of P by changing 
both u into u + Su and v into v-\-8v; hence by (1) they are 
ultimately 

dos doc dti dii 

x-\--j-hi + -j-iv. and y + -^Sw + -^ Sr. 
au dv ^ du dv 

These results shew that P, Q^ iZ, 8 are ultimately situated 
at the angular points of a parallelogram, and the area of this 
parallelogram may be taken without error in the limit for the 
area of the curvilinear figure PQR8. The expression for the 
area of the triangle JPQR in terms of the co-ordinates of its 
angular points is known, (see Plane Co-ordinate Geometry, 
Art. 11), and the area of the parallelogram is double that of 
the triangle. Hence we have ultimately for the area of 
PQB8 the expression 



\du dv dv duj 



Thus it is obvious that the integral jlVdxdy may be 
replaced by 

^l[r^(^^^^^]dudv' 

J J \du dv dv du) ' 
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the ambiguity of sign would disappear in an example in 
which the limits of integration were known. In miding 
the value of the transformed integral, we may suppose that 
we first integrate with respect to v, so that u is kept constant; 
this amounts to taking all the elements such as PQRSj which 
form a strip such as AA'G'G. Then the integration with 
respect to u amounts to taking all such strips as AA'G'G 
which are contained within the assigned boundary ABGD. 

247. We proceed to illustrate geometrically the trans- 
formation of a triple integral. 




Let 1 1 1 Vdx dy dz be a triple integral, which is to be taken 

for all values of a?, y, and z comprised between certain 
assigned limits. Suppose the variables x, y, and z con- 
nected with three new variables w, v, w by the equations 

From these equations let w, v, and w be found in terms of 
X, y, and z, so that we may write 

u = F^ (a?, y, z), v-=^F^ (a?, y, z), w^F^ (a?, y, z).... (2). 
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Now by ascribing any constant value to w, the first equa- 
tion of (2) may be considered as representing a surface, and 
by giving in succession different constant values to u we 
have a series of such surfaces. Suppose there to be a surface 
at every point of which F^ {x, y, z) has the constant value u^ 
and let the four points P, B, I), C, be in that surface ; also 
suppose there to be a surface at every point of which 
-Fj (ic, y, z) has the constant value u + Su, and let the four 
points Aj Fy G, F "he in that surface. Similarly suppose 
P, A, E, C to be in a surface at every point of which 
F^ (x, y, z) has the constant value v, and B, D, G, -F to be in 
a surface at every point of which F^ {x, y, z) has the constant 
value v + Sv, Lastly suppose P, A, P, P to be in a surface 
at every point of which Pg {x, y, z) has the constant value w, 
and (7, D, G, E to be in a surface at every point of which 
F^ {x, y, z) has the constant value w + hw. 

Let X, y, z now denote the co-ordinates of P; we shall 

?roceed to express the co-ordinates of the other points, 
^he co-ordinates of A are found from those of P by chang- 
ing u into t* + Sw ; hence by (1) they are ultimately when ha 
is indefinitely small, 

dx d/u dz 

du ^ du du 

The co-ordinates of B are found from those of P by chang- 
ing V into v-\-iv\ hence by (1) they are ultimately 

Similarly the co-ordinates of G are ultimately 

The co-ordinates of D are found from those of P by chang- 
ing V into V + Sv, and w into w + hw] hence by (1) they are 
ultimately 

a? + J- Sv + -J- hw. y + ^Sv+ -^ Bw, s + -3- &; + ^r- Bw. 
dv dw ^ dv dw dv dw 

Similarly the co-ordinates of E^ F and G may be found. 
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These results shew that P, A, B, G, D, JE, F, G axe ulti- 
mately Situated at the angular points of a parallelojjiped ; 
and the volume of this parallelopiped may be taken witnout 
error in the limit for the volume of the solid bounded by the 
six surfaces which we have referred to. Now by a known 
theorem the volume of a tetrahedron can be expressed in 
terms of the co-ordinates of its angular points, and the 
volume of the parallelopiped PG is six times that of the 
tetrahedron ABPG, Hence finally we have for the volume 
of the parallelopiped 

(dx fdy dz dy dz\ dy (dz dx dz da^ 
\du \dv dw dw dvj du \dv dw dw dv) 

+ -^ (t- -r"--T^ -^][SuSvBw = + NBuSvSw say. 
au \av aw aw dvJ) " 

Hence the triple integral is transformed into 

±jjjV'Ndudvdw; 

the ambiguity in sign would disappear in an example where 
the limits of integration were known. 

248. We have now given the theory of the transformation 
of double and triple integrals; the essential point in our 
investigation is, that we have shewn how to remove the old 
variables and replace them by the new variables one at a 
time. We recommend the student to pay attention to this 
point, as we conceive that the theory of the subject is thus 
made clear and simple, and at the same time tne limits of 
the transformed integral can be more easUy ascertained. 
We do not lay any stress on the geometrical ilhiatrations in 
the two preceding articles ; they require much more develop- 
ment before they can be accepted as rigid demonstrations. 

249. Before leaving the subject we will briefly indicate 
the method formerly used in solving the problem. This 
method we have not brought prominently forward, partly 
because it gives no assistance in determining the new umits, 
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and partly on account of its obscurity ; the latter defect has 
been frequently noticed by writers on the subject. 

Suppose \\Vdxdy is to be transformed into an integral 

with respect to two new variables u and v of which the old 
variables are known functions. 

Let the variables undergo infinitesimal changes : thus 

'^=^'^"+J'^^ ^^)' 

'^2' = |'^«+i^^ (2)- 

Now in the original expression Vdx dy in forming dx we 
suppose y constant, that is t?y = ; hence (2) becomes 

'-tJ^^P^ (3)' 

find dv from this and substitute it in (1) ; thus 

■ 

dx dy dx dy 
, du dv dv du ^ , . 

ft ( )• 

dv 

Again, in forming dy in Vdxdy we suppose x constant, 
that is, db = ; hence by (4) we must suppose du = (i\ thus 
from (2) 

% = 5f^^ (5)- 

From (4) and (5) 

7 7 fdx dy dx dy\ , , 

and 1 1 Vdx dy becomes 

{{vi^^-^^dudv. 
J J \du dv dv du) 
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With respect to the limits of integration we can only give 
the general direction, that the new limits must be so taken as 
to include every element which was included by the old 
limits. 

250. Similarly in transforming a triple integral 



1 1 1 Vdx dy dz 



the process was as follows. Let the new variables be w, v, w ; 
in forming dz we must suppose x and y constant ; thus we 
have 

, dz T dz ^ dz ^ 
dz = -y- aw + -7- au + -T— dw. 
du dv dw 

dx 1 dx ^ dx T 
= -T-au + -T-'dv+^r- dw, 
du dv dw 

^ = -^du-\-^~dv-\--Y- dw, 
du dv dw 

thus dz = ., , , , (1), 

dx dy dx dy ^ ^ 

du dv dv du 
where -^has the same value as in Art. 247. 

Next in forming dy we have to regard x and z as constant; 
hence by (1) we must regard w as constant ; thus we have 

dtf^^du + ^dv, 

= -T-du-\--j-dv: 
du dv 

/dy dx dy dx\ , 

,, n J \dv du du dv) ,„> 

therefore ay = , (2), 

du 
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And lastly in forming dx we suppose y and z constant, 
that is, by (1) and (2) we suppose w and v constant ; thus 

dx= 'j~ ^^ (3)' 

From (1), (2) and (3) 

dx dy dz = Ndu dv dw. 

251. The student who wishes to extend his knowledge of 
this subject may be assisted by the following references. 
Lacroix, Calcul Diff. et InUgral^ Vol. ii. p. 205 ; also the 
references to the older authorities will be found in page xi of 
the table prefixed to this volume. De Morgan, Diff. and 
Integral Valculus, p. 392. Moigno, Calcul Diff. et IntSgral^ 
Vol. II. p. 214; Ostrogradsky, Mimoires de VAcadSmie de 
8t Pitersbourg^ Sixifeme S^rie, 1838, p. 401. Catalan, Mi- 
moires Couronnis par VAcad6mie..,de Bruocelles, Vol. XIV. p. 1. 
Boole, Cambridge Mathematical Journal, Vol. IV. p. 20. Cauchy , 
Eocercices d^ Analyse et de Physique MathSmatique, Vol. IV. 
p. 128. De Morgan, Transactions of the Cambridge Phil. 
Society, Vol. ix. p. [133.] 
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1. Shew that if a; = a sin 5 sin ^ and y = b coa 6 sin (f> the 
double integral lldxdy ia transformed into 

+ I lab sin <f> cos <j> d<}> dO, 



2. If a? = tt sin a + V cos a and y = ucoaa — v sin a, prove 
that 
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3. Prove that 

j'^r^l) (aV + Jy) dxdy^-^r<l> {x) dx. 



'f 



4. Transform 1 1 Vdx dy^ where y=^xu and x = . 

If the limits of ^ be and x and the limits of a? be 
and a, find the Imiits in the transformed integral. 

Result. I I V'v{l-\'uydudv. 

5. Transform ||e-<*'+2ayco8a+y«) ^^ j^ g-^jn rectangular to 

polar co-ordinates, and thence shew that if the limits 
both of X and y be zero and infinity, the value of the 

inteffral will be — — : — . 
° 2 sm a 

6. Prove by transforming the expression from rectangular 

to polar co-ordinates that the value of the definite 
integral 

I I g - («*+2aJ»y« cos a+y4) ^ ^y 
J J 

is equal to I j^tt F Uin -) where jPf sin- j denotes a 
complete elliptic function of the first order, of which 
sin- is the modulus. 

7. Apply the transformation from rectangular to polar co- 

ordinates in double integrals to shew that 

r+»r+« adxdy 27r 

J-J^a,{a?+y' + a')^(a?+y' + a^)^^a+(^* 

8. Transform the double integral jj/ (a:, y) dxdy into one 
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in which r and shall be the independent variables, 
having given 

a5 = r cos^+a sin^, y = r sin^ + a cos^. 
BesuU. 

I l/(r cos^ + a sin ^, r sin ^ + a cos B) (a sin 2^ — r) dOdr. 

9. Transform 1 1 e"*'"*^ dir rfy into a double integral where 

r and t are the independent variables where - = < and 

7^^a? + jf\ and if the limits of x and y be each 
and 00 , find the limits of r and U 

r* r* e^rdrdt 
Result, I — s — . 



10. If X and y are given as functions of r and 5, transform 

the integral \\\dxdydz into another where r, 6 and 

a? are the variables ; and if a? = r cos 6 and y = r sin ^, 
find the volume included by the four surfaces whose 
equations are r^a^ « = 0, ^ = 0, and z=^mr cos 6. 



•a 



7^m COS 0d0dr== --- . 

11. If ax=^yz, Py = zx, ^z^xy^ shew that 

////(«, ^,y)dad^3Y = ijjjf(^^, f, ^)dxdydz. 

12. Transform I I F dicj dicj c?a?3 da:^ to r, ^, ^ and -^/r when 

a?i = r sin 5 cos ^, a?8 == ^ ^^^ ^ ^^^ '^' 
ajj = r sin ^ sin <f>, x^ = r cos sin '^. 

JKeswZ«. [[[/f' r' sin ^ cos ^ dr d0 d^ d'^. 



T. I. C. 



14 
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13. Find the elementary area included between the curves 

<l> (x, y) = w, yjr {x, y) = V, and the curves obtained by 
giving to the parameters u and v indefinitely small 
mcrements. 

Find the area included between a parabola and the 
tangents at the extremities of the latus rectum by 
dividing the area by a series of parabolas which touch 
these tangents and by a series of lines drawn from the 
intersection of the tangents. 

14. Transform the triple integral 1 1 \f{x, y, z) dx dy dz into 

one in which r, y, z are the independent variables, 
having given -^ (a;, y, 2;, r) = ; and change the vari- 
ables in the above integral from a?, y, « to r, ^, ^, 
having given 

-^ (a?, y, «, ^) = 0, -^1 (y, «, r, 5) = 0, '^2(^j^)^.^)=0. 

d^d^d^ 

Remit. - jJJ ^ ^^ ^ /x (^ g> <^) ^^^g# 

rfic rfy fi?« 

15. Transform the double integral 



y^dxdyj^ 



^^m<t' 



in which a?, y, 2j are connected by the equation 

^* + ^^+^'* = l) to aii integral in terms of and ^, 
having these relations 

a; = sin ^ \/(l "" ''^ sin'* 5), y = cos cos 0, 

2; = sin 5 V(l - ^' sin' </>), m^ + n^^ 1. 

Hence prove that 



IT IT 



2 fa nf cos' ^ + n' cos' <^ , . ,. _ ir 

V(l - m' sin' e) V(l - n' sin' ^) '^ "* " 2 • 



f/ 
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16. Transform the integral jjjdxdydz to r, 0, <}> where 

a: = r sin ^ V(l — ^' CDs'* 5), y = r cos sin 0, 

z = r cos V(cos^ (}> + n^ sin^ ^). 

P , /•/•/• r^{(n"~l) cos^^-n"sin"g}rfr<?g<?</> 
jjj V(l-w'cos^^)V(cos> + n"sin*^) * 

17. Transform the expression jl — sia0d0d<f> for a volume 

to rectangular co-ordinates. 

Result. \\\{^ "^P^ " ?y) ^ ^y > this should be in- 
terpreted geometrically. 

18. Prove that 

dx 



//•• ^ 2 /•CO /.GO 



1 • 



(1 + a^)' 
(See Arts. 263 and 66 ; and transform as in Art. 242.) 

19. If a?j = rcos^j, 

a7j = r sin^j cos^^, 

cCg = r sin 0^ sin 0^ cos 5g, 



ajn^i = r sin 0^ sin ^^...sin 5^^ cos 5^^, 
a?^ = r sin 5^ sin 0^. . .sin 5^^ sin ^^^ , 

shew that \\\ Vdx^d^^..,dx^ 

= ± [jl r r'*-^ (sin ^J**-^ (sin 5,)' 



,mi0^,dTd0,d0, rf^^„ 



where Fis any function of cCj, a?,,,., a?^, and V what 
this function iJecomes when the variables are changed. 

14—2 
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CHAPTER XIL 



DEFINITE INTEGRALS. 



252. When the Indefinite integral of a fiinction is known, 
we! can immediately obtain the value of the definite integral 
corresponding to any assigned limits of the variable. Some- 
times nowever we are able by special methods to assign the 
value of a definite integral when we cannot express the 
indefinite integral in a finite form; sometimes without actually 
finding the value of a definite integral we can shew that it 
possesses important properties. In some cases in which the 
indefinite integral of a fiinction can be found, the definite 
integral between certain limits may have a value which is 
worthy of notice, on account of the simple form in which it 
may be expressed. We shall in the present chapter give 
examples of these general statements. 

253. Suppose /(a?) and F{x) rational algebraical functions 
of a?, and /(a?) of lower dimensions than F{x)^ and suppose 
the equation i^ (a?) = to have no real roots ; it is required to 
find the value of 



/ 



' /(^) 



-^F{x) 



dx. 



It will be seen that under the above suppositions, the 
expression to be integrated never becomes infinite for real 
values of a?. 

Let a + /9 V(— 1) and a — /9 V(— 1) represent a pair of the 
imaginary ropts of jP(a;) =0 ; then the corresponding quadratic 
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fraction of the series Into which irr\ can be decomposed, 
may be represented by 

(x^ay + ^ ' 
the constants A and B being found from the equation 

Now 7 ,3 . ^ = 2^tan^--5- , 

therefore I 7 ^ — ^ = 2jB7r. 

and it is obvious that the latter integral between the assigned 
limits is zero, for the negative part is numerically equal to 
the positive part. Thus ^Bir represents the part of the 
inte^al corresponding to the pair of imaginary roots under 
consideration. 

If then we suppose F{x) to be of 2n dimensions, and 

^1, -Bj, B^ to be the n terms of which we have taken B 

as the type, we have 

254. As an example of the preceding article we take 

where m and n are positive integers, and m less than 71. Here 

1 



J«^V(-1) = 



27i{a + /3V(-l)} 



sn-am-l > 
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and it is known from the theory of equations that the values 
of a + i8V(— 1) are ottained from the expression 

(2r + l)7r . /, .X . (2r+l)7r 
cos^-^+V(-l)smi-^^^, 

by giving to r successively the values 0, 1, 2, up to 

n — 1. 

Thus, hy Demoivre's theorem, 

{a + i8 V(- 1)1*^-' = cos 1^ + V(- 1) sin ^, 
where 

i^=(27i-2m-l) ^ ^J =(2r+l)7r-(2r+l) ^ ^J ; 
so that 

cos^ + V(-l) sin^ = -cos(2r+l) 5 + V(-l) sin(2r+l)^, 

, ^ 2m+l 

where u = — tt, 

2n 

Hence 

A-B^/i- 1) = 2^^ _^Qg (2r+ 1) e + V(- 1) 8in(2r+ 1) 

^ cos (2r + 1) g+ V(- 1) sin (2r + 1) g , 

" 271 ' 

therefore 5=?lHi!r±M. 

2n 

Hence 

^^=-{sin^+8in3^ + 8in5«+...+ sin(2n-l)^}. 

—00 

The sum of the series of sines is shewn in works on Trigo- 

, ^ , sin'n^ J • xi. X ^ 2m + l 

nometry to be . ^ - , and m the present case nu = — - — tt, 

so that sin* n0 = l. Therefore 



/ 



v ..CD 



a^dx IT 



l+x^ . 2w + l ' 

WSm TT 
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It is obvious that I ^j ^ is half of the above result, 

that is, 



I. 



^l + a^ ^ . 2m+l 
" 2/1 sm — - — TT 

2n 



255. In the last formula of the preceding article put 
a^=y, and suppose — = k; thus we obtain 



r 



1+y sIuAtt' 



This result holds when k has any value comprised between 
and 1 ; for the only restriction on the positive integers m 
and n is that m must be less than w, and therefore by pro- 
perly choosing m and n we may make — equal to any 

assigned proper fraction. 

In the last result put x^ for y, where r is any positive quan- 
tity; thus 

•ra^ x*^' dx IT 



/ 



1 + a?*" sin Att ' 

TT 



that IS, I = — -, 

Jrt 1 + x r SI 



Let At = « ; thus I jr = '— 



sin for' 

TT 



r sm - TT 



The only restriction on the positive quantities r and s is 
that 8 must be less than r. 
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Eulerian Integrals. 
256. The definite integral 

is called tlie^r^^ Eulerian integral; we shall denote it ty the 
symbol B (Z, m). 

The definite integral 



/. 



00 



6"* x""' dx 



is called the second Eulerian integral ; it is denoted by the 
symbol F (w). 

We shall now give some of the properties of these inte- 
grals ; the constants in these integrals which we have denoted 
by Z, m, w, are supposed ^m<i?;e in all that follows. 

257. In the first Eulerian integral put x=l—z; 

thus f af-'{l-x)'^-'dx=( z"^'' {1 -- zf'^ dz ; 

this shews that the constants I and m may be interchanged 
without altering the value of the integral ; that is, 

B{l,m)=B{m, I). 
Again in the first Eulerian integral put x = ^ ; thus 

In the same integral put x = ■ ; thus 
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258. Let 6"* = y, so that a; = log - ; then we have 

which consequently gives another form of F (w). 

259. We have ty integration by parts 

fe"* a;* da? = - e"* x** + 71 je~* 0?*"' da; ; 

and e"* oi^ vanishes when a; = 0, and also when a; = oo . (See 
Dif. Gal. Art. 163) ; thus 



•/ft •' o 



•' 



that is r (w + 1) = TiF (n) (1). 

Since le^ dx=^ — e~' we have / e"*<£c=l; that is 

r(i) = i (2). 

From (1) and (2) we see that if n be an integer 

r (w + 1) = [w. 

When n is not an integer we may by repeated use of 
equation (1) make the value of T (n) where n is greater than 
imity depend on that of T (m) where m is less than unity. 

260. By assuming Jcx=z we have 

261. We shall now prove an important equation which 
connects the two Eulerian integrals. 
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/•OD /•go 

Integrate the doutle integral 1 I af^"^ y**"^ ^-(i+»)« ^^ ^x 
first with respect to a; ; we thus obtain, "by Art. 260, 

Again integrate the same double integral first with respect 
to y ; we thus obtain 

r(w)j -— is — dx, 





00 



that is, r (m) I e"* af"^ dx, 

Jo 

that is, r (m) T (Z). 

r y""'^y _ T{l)T{m) 

Jo(i+yr" r(Z+m) • 

Hence, by Art. 257, 

„,, ^s r(?)r(m) 

262. In the result of the preceding article, suppose 
Z -f m= 1 ; thus, if 7n is less than unity. 



/"t^"-''"""'"— *• 



since T (1) = 1. Hence, by Art. 255, if m is less than unity 



r(m)r(l-m)=^ 



TT 



sm mTT * 



263. Put m = J in the last result ; then 

r(i)r(i)=7r, 

therefore T (J) = V*"". 
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We will give another proof of the last result. 
Let u = I e~^ dx ; then it is obvious that u also 







thus u^^l e^dxxl e^dy 

J a Jo 





00 roo 



/•GO /"OO 

= 1 er'^-y'dxdy (Art. 66). 



This double integral is shewn in Art. 204 to be 

= irre''^rd0dr = j, 

J n J a ^ 



•2ir r« 
•'o 

therefore w = 



2 



Now r(i)=[ e'*a;'*da?; put x=y^, 

J n 





00 



thus r(J)=2[ e-^ dy = 2u = ^TT. 

264. We shall now give an expression for T (w) that will 

afford another proof of the result in Art. 262. We know that 

a^— 1 
the limit of — y — when h is indefinitely diminished is log x ; 

hence 

(log i)" = limit of (1^)"'; 

SO we may write 



(■»4) -m -'■ 



where y is a quantity that diminishes without limit when h 
does so. 
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Put A = - , then, by Art. 258, 



r (w) =r""' [ (1 - x^y^dx-^- \ ydx. 



In the first integral put a? = «*" ; thus 



J J 

We have it in our power to suppose r an integer ; then 
the integral on the right hand side, by Art. 33, is 



X • ^ • d**.***' 



-n-1 



n{n + l) {n + r — l) 

Let r increase indefinitely, then y vanishes and we have 



r (n) = limit of 



X • ^ • O m • * • • mt 



Jt-l 



n{n + l) (w + r— 1) 



265. From the result of the preceding article we have 

{r {n)Y 



T{n — m) r{n+m) 



2\ f 



n 






A particular case of this is obtained by supposing n = 1 ; 
thus 

-m)T{l + m)"V ~ YJV ~ '^JV ~ 3^/ ' 



r(i 

the expression on the right hand side is known to be equal to 

sin mir ^, 

; thus 



fnir 



r (1 - m) r (1 + m) = -T 



rrnr 



sinmTT 



therefore 



r(m)r(l-7w)=-^ 



TT 



smmTT 



(Art. 259). 
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266. We shall now establish the following equation, n 
"being an integer, 

First suppose n odd; in Art. 262 put for m successively 
-, -, -,... up to -— — , and multiply ; thus 

n-l 
TT 2 



mM^ •■M-- 



TT . 2W . (tI— l)w 

Sin - sm — ... sin -^ — ^ 
n n 2n 

= (27r) 2 n"5, 

(See Hymers's Theory of Equations,) 

Next suppose n even; in this case put for m successively 

2 2 n 2 

-, - ,... up to -~ — , and form the product as before; then 
n n 2n 

multiply the left hand member by T (J) and the right hand 
member by the equivalent ^ir; then we obtain the same 
result as before. 

267. A still more general formula is 

r(.)r(.+l)r(. + H) r(.+^) 

= r {nx) {^irfir ni-~, 
which we shall now prove. Let <^ (a?) denote 

n"r(.)r(. + l) v{.+ ^) 

we have then to shew that ^ (a;) = (27r)~a~n"*. 



n; - 



M-I 
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We have 



nr^Tlx + l)T(x+l+-]....T(x+l+^^—^) 
<l>{x + l) = -^— — — ^— 



nT (nx + n) 



n x[x + -][x + - 



{nx + n — 1) {nx + n— 2) nx 

= <l>{x). 

Similarly <^ (a? + 2) = <^ (a? + 1) = <^ (a?) ; and by proceeding 
thus we have 

<l>{x)=<l>{x + m), 

where m may he as great as we please. Hence <j> (x) is equal 

to the limit of (f) (ji) when fi is infinite ; thus ^ (x) must he 

mdefpendent qfx, that is, must have the same value whatever 

x may he ; hence ^ {x) must have the same value as it has 

1 
whena; = -; thus the theorem follows hy the preceding ar- 

tide. This theorem is ascribed to Gauss ; a more rigid proof 
is given in Legendre's Eocercices de Calcul InUgral, Vol. II. 
p. 23 ; see also the Jourruil de TEcoh Polytechnique^ Vol. XVI. 
p. 212. 

268. Many definite integrals may be expressed in terms 
of the Gamma-function ; we shall give some examples. 

The integral I e-^'-^ dx becomes by putting y for aV 

''0 

r|l^,thatis,^r(i), or^. 
;, 2a Vy 2a ^*'" 2a 

obtain 

W — ^l fV' (1 -yY"' dy^ that is -^ — r-, no r (m) 
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Again, in I aT* (1 — a?y~^ dx put x^ =y] thus we ottain 

Jo 

r> '. r(|)rH 

i y^ O^-yr'dy, that is— ^^4 r-. 

Thus f "sin* coa^ cie = j x' (1- a?)'^ dx 

Jo Jo 

= I a'*" (1 - a^)—-'dx — ^ ^/, ^ : ^ . 

. . . r 0^'' (I - x)"-' dx ^ by 

we ottain 

^rr(i-2^r''^y,thatis,^4|M. 



269 



. In I (c^^ (a — a?)"*"^ (ib put x = ai/ ; thus we obtain 

270. It is required to find the value of the multiple in- 
tegral 

jjj. . .af"^ 'iP'^ z^'-K. .dx dy dz... 

the integral heing so taken as to give to the variables all 
positive values consistent with the condition that x+t/-{-z+... 
IS not greater than unity. 

We will suppose that there are three variables, and conse- 
quently that the integral is a triple integral; the method 
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adopted wUl be seen to be applicable for any number of 
variables. 

We must first integrate for one of the variables, suppose 5?; 
the limits then will be and 1 — la; — y ; thus between these 
limits 



/' 






Next integrate with respect to one of the remaining varia- 
bles, suppose t/ ; the limits will be and 1 — a? ; and between 
these limits, by Art. 269, 

fsn-ir. N«^ (l-ajr'^rfm) r(n+l) 

Lastly integrate with respect to x between the limits and 
1 ; thus between these limits 



I- 



ar ^1 X) ax- Yiji + m + n + l) ' 



Hence the final result is 

T{n) r(w)r(w + l) T{l)V{m + n+l) 

r(n+i) r(»»+w+i) r(z+»»+M + i) ' 

that is, Til)Vim)Vin) 

271. It is required to find the value of the multiple in- 
tegral 

the integral being so taken as to give to the variables all 
positive values consistent with the condition that 

is not greater than unity. 
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Assnme «=(^', y=(^)\ . = (^', 

Then the integral hecomes 

jP Q / • • • J J J 

with the condition that a; + y + 0+... is not greater than 
tinity. The value of the integral is, therefore, by the pre- 
ceding article 



\p q r / 



272. As a simple case of the preceding article we may 
suppose p, q^r^ ... to be each unity, and a, ^, 7, ... each equal 
to a constant h\ thus the condition is that f+»7 + ?+... is 
not to be greater than A. The value of the integral 

then is -K^^-" • r(?)r(m)rw... 

which we may denote by 

Similarly if the integral is to be taken so that the sum of 
the variables shall not exceed h 4- Ah, we obtain for the result 



N{h + M) 



l"\'in I »+ , , . 



Hence we conclude that the value of the integral extended 
over all such positive values of the variables as make the 
sum of the variables lie between h and h + Ah is 

N{{h + AJif^^'''''" - K^^^-'], 
T. I. a 15 
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and when AA is indefinitely diminished, this becomes 

that is rfflrwrw ^^^,...., ^^^ 

1 (fc+m + 7l + ...) 

273. It is required to find the value of the multiple 
integral 

f f [...aT'^*"""' z'''\..f{x + y + z + ...) dxdydz... 

the integral being so taken as to give to the variables all 
posttive values consistent with the condition that x+t/'{-z+... 
IS not greater than c. 

We will suppose for simplicity that there are three varia- 
bles. By the preceding article, that part of the integral 
which arises firom supposing the sum oi the variables to lie 
between h and h + Ah is 

r ffl r w r (.) ^^^.. 

T{l + m + n) •^ ^ ^ 
Hence the whole integral is 

r(z+w+w) j/^ ^ 

274. Similarly the value of 

for all positive values of the variables, such that 



(f)'-(i)'Hf)' 



Is not greater than c, is 



DEFINITE INTEGRALS. 227 



'rC 



'* ^\p)^\q)^^-^ '' ' ~ • 



\jp q rj 

The result of this and the preceding article may be ex- 
tended to the case of any number of variables. 

275. It Is required to find the value of the multiple 
Integral 

j]j"^f{a^x^-\-a^^ + +a^x^) dx.dx^ ... dx^, 

the integral being so taken as to give to the variables all 
values consistent with the condition that x^ + x^... + Xn is 
not greater than unity. 

By successive application of a transformation for a double 
integral given in Art. 242, the multiple integral may be 
reduced to 



///• 



• •• y \KX.j (ZX^ C7«27o . • . tctZ/fi ■ 

where k = \/{a^ + a^+ ... + a^). 

We have first then to find the value of the multiple integral 
... dx^dx^... dxn, the variables being supposed to have all 



/// 



values consistent with the condition that x^ + x^ + ...-{-x^ 
is not greater than 1 — x^. First suppose that the variables 
are to have oiAj positive values ; then we obtain the value of 
the integral by supposing in Art. 271, that each of the quan- 
tities I, m, ... is unity, that each of the quantities^, q, ... Is 
equal to 2, and that each of the quantities a, /S, ... is equal to 
V(l — x^)' Thus the result is 



2«-. r ('!Lzi + 1) 



{l-x,')-^. 



2 

15—2 
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But if the variables may have negative as well as positive 
values, this result must be multiplied by 2*"\ Thus we get 

n-l n-l 

Hence, finally, since the limits of x^ will be — 1 and 1, the 
multiple integral is equal to 

n-l 

--^i — ^ f f{hc,) (1 - x:r^d^,. 

This agrees with the result given by Professor Boole in 
the Cambridge Mathematical Journal, Vol.. III. p. 280, as it 
may be found by integrating his equation (15) by parts. 

276. It is required to find the value of the multiple 
integral 

the integral being so taken as to give to the variables aU 
values consistent with the condition that x^ + x^+ ... +a;,* 
is not greater than unity. 

As in the preceding article the integral may be trans- 
formed into 



/// 



"*//•% 2 a 2\ aXj^ ax^ • • • (**^%» 

V^i~37j iCg ... X^ ) 



First integrate with respect to the variables x^, ajg,... a?,, 
the limits being given by the condition that x^ + x^ ,..+ x^ 
is not greater than 1 — x^. Now if the variables were re- 
stricted to positive values, the integral 



///■ 



UXq OnX/n • . • CuXft 



\ \^L "-' flJj — X^ ... — Xf^ ) 
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by Art. 274 would be equal to 
that is, to 

r(V) rg) 

that is, to 1 l£M:(l_a;^»)^^ 

^ r 

But if the variables may have negative as well as positive 
values, this result must he multiplied by 2"^. Thus we get 

n 
•TT* "_1 



-'5 



Hence finally, since the limits of aj^ are — 1 and 1, the mul- 
tiple integral is equal to 



n 



277. Many methods have been used for exhibiting in 
simple terms an approximate value of F (ti + 1) when n is 
very large : we give one of them. 

The product e'^x'' vanishes when a? = and when a? = oo ; 
and it may be shewn that it has only one maximum value, 
namely when x = n. We may therefore assxmie 

e-*aj~ = e"^7i**e-^ (1), 

where < is a variable which must lie between the limits — oo 
and +00. 
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Thus 



j e'^x'^dx^e^vrj e-^^dt (2). 

Take the logarithms of both members of (1) ; thus 

x--nlogx = n—n logn + f ....(3); 

put x = n+u] thus 

u — n log (n + u) =^--71 logw (4). 

But by Taylor's Theorem 

log (n + u) =log7iH ^77 — — ^-wj 

° ^ ' ° n 2 {n+ Buy 

where 5 is a proper fraction ; thus (4) becomes 

But from (3) ^=^^ = 2« + ?^' 

at x — n u 

= V(2/i) + 2(l-5)<, by (6). 

Hence (2) becomes 

1 e~* cc** e&J = e"* w~ e"'' {V(2/i) + 2 (1 - 5) <} e?« ; 

•'0 •' -00 

and I e"*" e?< = V W > thus 

^ -00 

l^e- a;« <£r = e- n- V(2n7r) {1 + ^^ J^"'' {\-&)t dt] (7). 
But since 1 — 5 is positive and less than unity, the nume- 

/•OO /"OO 

rical value of I e"^(l— 5) <df^ is less than I e-^tdt^ that 

•'-00 •'O 

is, less than J. Hence we conclude from (7) that as n is 
increased indefinitely, the ratio of r(w+l) to e""»*V(2w^) 
approaches unity as its limit. 
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We may observe that the right sign is taken in (5), for if 

dx 
u be positive t must be positive ; and -j- is always to be posi- 

dnC 

live, and the value of -^ would be negative when t is nega- 
tive if we used the other sign. 

(See Liouville's Journal de MatMmatigueSy Vol. X. p. 464, 
and Vol. xvil. p. 448). 



Definite Integrals obtained hy differentiating or integrating 

with respect to constants. 

278. We shall now give some examples in which definite 
integrals are obtained by means of differentiation with respect 
to a constant. (See Art. 213.) 

To find the value of 1 e-^^ cos 2rx dx. Call the definite 



integral u ; then 

du 



t'< 



xe-^^ mi 2rxdx. 





Integrate the right-hand term by parts ; thus we find 

du 2ru 



therefore 



therefore 



therefore 



dr 


a' ' 


dlogu 
dr 


2r 


\ogu = 


2 

5 + constant, 

a 


u = 


Ae'^, 



where -4 is a quantity which is constant with respect to r, 
that is, it does not contain r. To determine A we may suppose 

r = 0; thus u becomes 1 e"^^^ dx, that is, ^, (Art. 268). 
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Hence ^ = ^ , and 
2a 



J A 



'* a/tt tL 

e-«*^ cos 2ra; dx^^^e «'. 
2a 

279. We have stated in Art. 214, that when one of the 
limits of integration is infinite the process of diflFerentiation 
with respect to a constant may be unsafe ; in the present case 
however it is easy to justify it; we have to shew that 

I e-*"^ p dx vanishes where p is ultimately indefinitely small; 

it is obvious that this quantity is numerically less than 

pj I e-®*** dx where p^ is the greatest value of p, that is 

•'0 

less than ~r—p^] but this vanishes since p^ does. Similar 
considerations apply to the succeeding cases. 

280. To find the value of f e-**^^^^^ . Denote it 

•'o a; 

by u, then 



du_r 



e~** cos rx dx. 



•u 4. I -i^ 7 j^r sinrx — k cos rx 
x5ut I e ** cos rx dx = e""** 



therefore / e~** cos rxdx = ^ — -^ I 



k' + r' 



thus 



du h 



dr • k^ + r^' 



therefore u = tan"^ t • 

k 

No constant is required because u vanishes with r. This 
result holds for any positive value of A; ; if we suppose k to 
diminish without limit, we obtain 



/. 



* sin rx ^ tt 

ax= — 

. ^ 2 



TT 

if r be positive ; if r be negative the result should be — — . 
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281. To find the value of [ e"^'^^'^^ dx. Denote it by 
u, then 



du ^ [ 



00 

e 





a 



a?' 



assume a? = - , then the limits of 2? axe oo and ; and we 

z 

obtain 

du 

therefore — M— = — 2 ; 

da 

therefore log m = — 2a + constant ; 

therefore u = Ae^. 

To determine A we may suppose a = 0; then u = — ; 
therefore A = *~ ; thus 






r(-l)^.v^ 



^ 



282. We may also apply the principle of integration with 
respect to a constant in order to determine some definite 
integrals ; the principle may be established thus. 

Let u=\ (a?, c) dx^ 

J a 

then I udc =1 I <l>{x,c) dcdx 

J a J aJ a 



-ff 

J aJ i 



tp{x,c)dxdc; 



since when the limits are constant, the order of integration is 
iudifferent, (Art. 62). We shall now give some examples of 
this method. 
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283. We know that j e"** ob = i 

Integrate both sides with respect to k between the limits 
a and b ; thus 

cue = log - . 



/. 



^ a 



It should be noticed that I and I are both 

infinite ; for I is greater than e"^" I — , and / — 

is infinite. But this is not inconsistent with the assertion 

that — tfe is finite, and without finding the value 

of this integral it is easy to shew that it must be finite. For 
it is equal to the sum of I ^^ and I ^-^ where 

J X J e X 

<f> {x) = e^ — e^ ; the second of these integrals is finite, for 

If* . 1 /e"**' e"^ 
it is less than - I <f>{x) dx, that is, less than - ( j-j . 

. rd) (x) 
We have then only to examine I ^ dx. 

J Q X 

Now by Maclaurin's Theorem 

<l>{x)=^{b-a)x + '^<l>''{x0), 

where 6 is some fraction ; thus ±-^ is less than J—a + — , 

where -4 is the greatest value which <!>'' (x) can assume for 
values of x less than c. Hence 



/. 



^ dx ia less than (J — a) c + — r- 



^ 



and is therefore finite. 
284. We know that 



/. 



6"** COS rxdx= ,.^ a 
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Integrate both sides with respect to k between the limits 
a and h\ thus 



/, 



- cos ra; daj = i log ^-j-^ . 



X 



285. Let / dx be denoted by -4, and / ^ dx 

J Q X ^ J ^ l + x 

by jB; we shall now determine the values of A and B\ the 
former has already been determined by another method in 
Art. 280. 

In the integral A put y for rx ; thus 

this shews that A is independent of r. 

„r , dB [^x sin rxdx 

We have -t-= — I — i- 



* sin rx dx 

, x{l+a^) 









hence 



r^-f-^'" <"• 



Multiply by e"^ and integrate ; we obtain since A is con- 
stant with respect to r 



3"^J/ 5c?r + 5 — -4 1 = constant. 



Now whatever be the value of r, it is obvious that the 

integrals represented by -4, -B, and I Bdr are finite; hence 

the constant in the last equation must be zero, for the left- 
hand member vanishes when r is infinite. 
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Thufl fsdr + B-A = (2). 

From (1) and (2) ^ = _,B; 

therefore jB= Ce"^, 

where C is some constant. And from (2) 

therefore B = Ae^ (3). 

Now when r is indefinitely diminished, B becomes 
I ^ , ^ 7 ^^^^ is — ; hence from (3) 

A = ^ and B=^e^. 

We have supposed r positive ; it is obvious that if r be 
negative, B has the same value as if r were positive, and 

A has its sign changed ; that is, if r be negative jB = — e*" 

IT 

and ^ = — — . [Transactions of the Royal Irish Academy y 

A 

Vol. XIX. p. 277.) 

r cos rCCUtC TT 

286. From | — «- = — e"^, we obtain by differentia- 

tion with respect to r, 



f 

J n 



X sin rxdx tt - 



\-\-x^ 2 



And from the same integral by integrating with respect 
to T between the limits and c, we have 
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Definite Integrals obtained hy Expansion. 

287. If we expand log {1 - o^ V(-i)} and log [l-ae'^^^-^^] 
and add, we obtain 

log (1 — 2a cos X + d^) 

= — 2 (a 008 0? + — cos 2a? + — cos 3a? + ), 



the series being convergent if a is less than unity. Integrate 
both sides with respect to x between the limits and tt; 
thus 

I log (1 — 2a cos x + a^) dx = 0^a being less than 1. 

•'0 

If a is greater than 1, since 

log (1 — 2a cosaj+a^) =loga*+log(l cosa? + — aj, 

we have 

I log (1 — 2a cos x + a^) dx = 7r log a* = 27r log a. 

J A 



288. B7 integration by parts we have 

log (1 — 2a cos x+a^) dx 

X sin X dx 



/> 



= X log (1 — 2a cos a? + a'^) — 2a I r— ^ 



/. 



2a cos x + a* ' 
Hence, if a be less than 1, 

^ X sin X dx nr nr 

- — = -— loe (1 4- a)', that is, — log (1 + a) ; 

^l-2acosa; + a' 2a ^ ^ ^ ' 'a ^ "^ ^' 

if a be greater than 1, the result is 

^ log (1 + a) -^ log a, that is, ^ log U + ~) • 

289. In like manner we have, if r be an integer 



/, 



cos rx log (1 — 2a cos a; + a^) <ir = a', or a"^, 





according as a is less or greater than unity. 
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290. Integrate by parts the integral in the preceding 
article; thus we find 



/ 



* sin X sin rxdxc tt - , ir «,-+,, 

= t: cb or — o * % 



1 - 2a cos aj + a* 2 ^'2 

according aa a is less or greater than unity. 

291. Similarly from the known expansion 

1 — 2a cos a: + c? 

= 1 + 2a cos a? + 2a^ cos 2a? + 2c? cos 3a;+, 



where a is less than 1, we may deduce some definite integrals; 
thus if r is an integer 



/ 



* cos rx dx iTcC 



I — 2a cos a? + a* 1 — a* ^ 

for every term that we have to integrate vanishes with the 
assigned limits, except 2a*' I cos^ rx dx. 



292. To find the value of 



• ^ dx 



r_i 



2a cos cx + a 



2' 



The term - — ; — « may be expanded as in Art. 

1 — 2a cos ca? + a •' ^ 

291 ; then each term may be integrated by Art. 286, and the 

results summed. Thus we shall obtain 

TT 1 1 + ae-* 



2'1-a' l-ae- 



293. Similarly, 

r dx 

j log (1 -2a cos ca; + a^) j-r—ji = ^log (1 - ae-^). 
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294. It is also known from Trigonometry that 

sin ex . . . « a • « 

- — ; — 5 =sm ccc + a sm.2cx + a sin3ca;+..., 

1 — 2a cos ca; + a* ' 

a being less than 1. Hence by Art. 286, we obtain 
* X sincxdx ir 






(1 + a^) (1 - 2a cos cx + a^) 2 (e* - a) ' 



This also follows from Art. 293, by differentiating with 
respect to c. 



295. To find 



r^dx. 



By expanding (1 — cc)"^, we find for the integral a series 
of which the type is 



I x'^logxdx. 



By integration by parts this is seen to be equal to 

— -7— — r». Hence the result is 

(I + nf 

It" 

that is, by a known formula, — ~ . 

296. To find T^-?^^-^. 

J 1 + (cos xf 

Expand the factor {1 + (cos a;)^}"\ and we find for the 
integral a series of which the type is 



(- 1)"/' 



X sin x (cos x)^ dx. 



By integration by parts this may be shewn to be equal 
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Hence the result is 



TT 



r 3"*"5 I'^-y 



1^ 
that is, by a known formula, — 



297. Let V denote 6*>^<"^^ that is, cosa: + \/(— 1) sin a?; 
then if/ denote any fiinction, we have by Taylor's Theorem, 

= 2 [f{a) +/ (a) cos aj+'^^pf^ cos 1x + I . 

And 



1 — 2c cos a; 4- 
Therefore 



= l + 2c cosaj + 2c'*cos2a; + 2c' cos 3a; + 



J/i:i2h£^.^^=i:r?|^^^^ 

In this result it must be remembered that c is to be less 
than unity, and the functions /(a + v) and f{a + ^r*) must be 
such that Taylor's Theorem holas for their expansions. 

In a similar way it may be shewn that 



»ff {/(a + c) +/(«)}. 
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Biibstitutton of imaginary valves for Constants. 

298. Definite integrals are sometimes deduced from 
known integrals by substituting impossible values for some 
of the constants whicb occur. This process cannot be con- 
sidered demonstrative, but will serve at least to suggest the 
forms which can be exainined, and perhaps verified by other 
methods, (see De Morgan's Differential and Integral CalculuSy 
p. 630). We will give some examples of it. 



We have f e-^'^x'^'dx^jTV (n), 

•/ 



For ^ put o + 6V(— l)j aiid suppose r=^»/{a^ + b^) and 

tan ^ = - , so that ^ = r {cos + V(— 1) siii ^) I thus 
a 

I ^-{a+& v(-i)}«aj«-i dx^r-^ {cos nd - V(- 1) sin nO] T («). 

Thus by separating the possible and impossible parts we 
have 

00 r {n) COS (n tan"^ - J 

j .-ax „n-l l„ J \ ^/ 

•^ 



e-^ af^^ COS hx dx = 



I e-^x"^^ ainhxdx = 



{a' + J*)2 
r (n) sin (n tan"* - j 



{a'+b')^ 
For modes of verification see De Morgan, p. 630. 

299. In the formula 

^/7^ 



•00 

«^ dx = 



•' 



2a 



change a into ^ -c; thus 






T. I. c. 16 
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therefore 

f " (cos c^a:^ - V (" 1 ) sin c'a?') tfe = ^ " ^ ^"" ^ ^ ^; 

therefore I cos cV e&j = ^ . , 

Jo 2c V 2 

and / sin cV dx = 



2c V2' 
If we write y for c^a;^, these become 



p siny Jy _ /** cos y di/ _ /tt 



300. In the integral I c ^*'"*■a^^* efo:, suppose y = a; V^ ; 

thus the integral becomes -r^ e"^^ y^ ^ dy, which is 
known by Art. 281. Thus 

J V"^ 2 

Now put cos 6 + V(— 1) sin d toi k; thus the right-hand 
member becomes 



COS - + V(- 1) sm - 



that is, 



cos [2a sin 5+-] — \/(— 1) sin f 2a sinfl + ^)[c" 



2aco80 



2 

Thus ["c-C^^^)"^"' cos {(a^' + S »^^ ^ • ^^ 

= ^ e-2« cos « COS f 2a sin 5 + 1) , 
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and fe-C^'-'D'^"' sin \(f+^ Biadldx 



= ^^ e-** ««» sin f 2a sin ^ + 5 ) . 



EXAMPLES. 



1. Evaluate J j«^y^\y Result. ~^r^ , 



Cite 

2. Evaluate I cos (a tan x) dx, 

J n 



3. Evaluate 



4. 






Result, jre''. 



Result, - . 
n 



fa dx ![ / Jl 4, Jl^ 

Jo {a« cos'a; + b' sin^ a;)' " 4 W "^ a'b) ' 

ft 
Prove J V(tan if>) d<f> =^ [| + log {V(2) - 1}] . 

IT 

Prove J V(cot <f>)d^^±^ + kg y{2) + 1}1 . 
7. Find the limiting value of a*-** I e^ da; when 0;= eo . 



5. 



6. 



8. Shew that 



/. 



* COS ax — cos hx -, ,6 



Result, ^. 



a? 



dx = loff — , 



9. 



If ir(,, 1) be anjr synnnetrical function of . and i , 

then 

r dx ^ f^ dx 



.f(.,1) 



-<-. i) 



16—2 
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10. If F[x) be an algebraical polynomial of less than n 

dimensions 

11. Prove that I e<^o« ^ cos (sin ^) (?^ = 2ir. 

J 
IT 

12. Prove that I --^^ -ir3= //^ \ when c is indefinitely 

Jq 1 — c cos c/ v(2w) 

nearly equal to unity, w being a positive quantity. 

13. Evaluate / (a cos ^ + J sin 0) log {a cos'^ + b sin' 0) dd. 

^ 

Remit. 2jJloffa — 2+— ; rrCos"^-^f, 

I ^{a-b) V«] 

supposing a greater th&n h, 

14. Shew that 

r* - 1 + 2n cos ax-\-7^ dx , ,^ . . , a* 

or log f 1 + - J log T5 , according as n is greater or less 
than imiiy. *" 



15. Find the value of 

a; 



where a and J are positive, but a and ^ positive or 
negative; and shew that it is wholly real when 

a h * 
16. Prove that f cot'' (1 - a? + a;'*) (fe = ^ - log 2. 
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f^ dx / 1\ 

17. Prove that I - — -^ log ( a; + - j = tt log 2. 

18. From the value of I dx deduce that of 

Besult. The two integrals are equal. 



19. Prove that 



20. Shew that 



IT 

I tan"^ {?w V(l —tan* x)\dx = --: tan"^ mJ^ — — cot"* ^^^^ ^. 

21. Shew that I (e""*" — e"«') dx={b--a) isjir. 

J 

{Solutions of Senate-HoiLse Problems^ by O'Brien and 
Ellis, p. 44.) 

22. Shew that I loff -z — - db= — . 

Jo ^^'e -1 4 

23. Prove that I -^ . — =:los: — , and reconcile with 

J „ loff XX ^ n 

. nx^^dx 
this equation the result of transforming I -:j by 

making x^=^y. 



Jo 2 p/ ra+2 \. 



24. Shew that I' sin" ^ <Z^ = '^'^ 



25 ShcTTthatT '^'^^-'"^'"^ r(?)rM 1 

J5. bHew that J^ (j + ca;)^ - r^ + m) 5" (b ■ 



I • 
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26. Shew that j^ (acos' + bsm'0y^^ 2T {l + m) Jb 



27. Shew that 



IT 



tsLn''0dd ^ TT 1__ 

cos'^ ^ + J sin'* ^ - 2 cos iwTr Lij?,1+^' 

^ a a J 2 



n being less than unity. 



28. Shew that 



' sm^"'0d0 _ r V2yj 2""^ 



Jn (a 



29. Shew that I 






® (1— a;")» w sin — 



30. Shew that 






n 



(1 + ca?) (1 - x)"" (1 + c)" sin nir ' 



oi c!v .,, p sin oo; sin* ccc , ^ . ^ . ^ 

31. Shew that I dx — Q. + — , or + — , ac- 

J^ X ' -"4 ' ~ 8' 

cording to the values of a and c. 

32. Trace the locus of the equation 

r* sin cos ^a? ,^ 

y=], — e — ^^' 

33. Trace the locus of the equation 

I = f'log {1 - 2e^ cos ^ + e-^} d0, 

where t« = sin-. 

a 

34. Trace the locus of the equation 

IT 

X COS d0 



«. [^ a; cos u du 

^'^ij[V(^ + 2ajcose + l) ' 
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in which the sign of the square root is always taken so 
as to make the quantity in the denominator positive. 



35. Shew that 



IT ir 

TT 



•' n •Z n 



sin X sin"^ (sin x sin y)dxdy=^ 

•' 4: J 



36. Compare the results obtained from 

I I sin dx e^ dx dy, 
by performing the integrations in different order* 

37* Find the value of I e a^"«* dx, and hence shew that 

38. Shew that 

the integral being extended over all the values of 
X and y which make (x? -\-y^ not greater than unity. 

39. Shew that 

n+l 

^^t dxdydz,,. __ tt a 



2*r 



m 



the number of variables being w, and the integration 
being extended over all values which make 

a? + f+z^+ 

not greater than unity. 
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40. If A, + A,x + A^ + =J^(a?), 

and a^+ a^ + a^f + =/(«)> 

prove that Afi^ + A^a^ + Aji^^ + 

= -^£V(«) + F{v)] {f{u) +fiv)} d0-A,a, 
where t4 = ice*V(-i) and t? = a;e""^V(~^^ 

Apply the above formula to express the sum of the 
series 

1« 3*"*" 5* 



41. If the sum of the series a^ + a^x-^-a^-^- can be 

expressed in a finite form, then the sum of the series 

a^ + (^i^ + «9V+ can be expressed by a definite 

integral. Prove this, and hence shew that the sum of 
the squares of the coefficients of the terms of the expan- 
sion of (1 + xY when « is a positive whole number, 
may be expressed by 



IT 



IT 

42. Prove that 



J n 



/. 



* COS cxdx IT { e* e"* 



+ 



l+oj* 2[1+0"*^1+0V 

43. Shew that 

IT IT 

I <^ (sin 2a?) cos a? die = I <^ (cos* x) cos x dx, 

(Liouville's Journal de MatMmatiques, Vol. xvili. 
page 168.) 

a? x^ 

44. Shew that 1 — Ts + T^sia — •••• 

2* 2V 

= — / cos {x sin t/) dy. 
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45. Prove that 

TT 



Jo J i) 



2 . miT 
w sin — 



n 



(See Art. 66 ; and change the variable y to u where 
y = ttx.) 



46. Shew that 



r 



^.U.co.M+55rrin«) c^ j^ sin 2^ + ^ cos 20} dx. 



=^ie-^rn(^ + o); 



Sin 
being comprised between the limits ± j . 
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CHAPTER XIII. 



EXPANSION OF FUNCTIONS IN TRiaONOMETRICAL SERIES. 

301. The subject we are about to introduce is one of the 
most remarkable applications of the Integral Calculus, and 
although in an elementary work like the present, only an 
imperfect outline can be given of it, yet on account of the 
novelty of the methods, and the importance of the results, 
even such an outline may be of service to the student. For 
fuller information we may refer to the Differential and Integral 
Galculm of Professor De Morgan. The subject is also fre- 
quently considered in the writings of Poisson, for example, in 
his Traits de MScaniqite, Vol. I. pp. 643 — 653 ; in his TraitS 
de la Chaleur; and in different Memoirs in the Journal de 
rJEcole Polytechnique. The student may also consult a Me- 
moir by Professor Stokes, in the 8th vol. of the Cambridge 
Philosophical Transactions, a Memoir by Sir W. Hamilton, in 
the 19m Vol. of the Transactions of the Royal Irish Academy, 
and a Memoir by Professor Boole, m the 21st Vol. of the same 
Transactions. 

302. It is required to find the values of the m constants 
-4j, -4j, -^g,... -4„», so that the expression 

A^ sin a? + -4^ sin 2a? + -4g sin3a; + +-4^ smrnx 

may coincide in value with an assigned function of x when x 

has the values d, 20, 3^,... mO, where = — — r. 

Let /(a?) denote the assigned function of x, then we have 
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by hypothesis the following m equations from which the 
constants are to be determined, 

f{0) = ^, sin ^ + ^a sin 20 + A^ sin 3^ + + A^ sin m0, 

f{20)=A^sm20+A^ sin 4^ + A^ sin 6^ + + A^am2m0, 

f{m0)=A^&iam0+A^Qin2m0+A^8inSm0+ +A^siiimm0. 

Multiply the first of these equations by sin r0, the second 

by sin2r^, , the last by sm mr0; then add the results. 

The coefficient of -4, on the second side will then be 

sin r0 sin 80 + sin 2r0 sin 280 + + sin mr0 sin m80 ; 

we shall now shew that this coefficient is zero if 8 be different 
from r, and equal to ^ (m + 1) when 8 is equal to r* 

First suppose 8 different from r. Now twice the above 
coefficient is equal to the series 

cos {r — 8) + coa2 {r'-8) + + cos w (r — «) 0^ 

diminished by the series 

cos (r + 5) ^ + cos 2 (r + s) ^ + + coam{r + 8) 0. 

The sum of the first series is known from Trigonometry to 
be equal to 

sm {2m + 1) -^^ — --^ sm ^ — —-^ — • 



„ . (r'-s)0 ' 

sm j(r-g)7r- ^ ^ Y - sm ^ 

that is to , \ n 

^ . (r — s) 
2 &m^ — — -- 

This expression vanishes when r — « ia. an odd number, and 
is equal to — 1 when r — 5 is an even number. 

The sum of the second series can be deduced from that of 
the first by changing the sign of 8 ; hence this sum vanishes 
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when r + 5 is an odd number, and is equal to — 1 when r + a 
is an even number. 

Thus when s is different from r, the coefficient of -4, is 
zero. 

When 8 is equal to r, the coefficient becomes 
sin^ rO + sin* 2r0 + + sin* mrdj 

that is, -5- — i {cos 2r0 + cos 4crO + + cos 2mr0]. 

And by the method already used it will be seen that the 
sum of the series of cosines is — 1 ; thus the coefficient of 
A^iB J(m+1). 

Hence we obtain 
A,= -^— {&mr0f{0) + &m2r0f{20)+ + smmr0f{7nff)}, 

7/ir ~J~ X 

and thus by giving to r in succession the different integral 
values from 1 to m, the constants are determined. 

Now suppose m to increase indefinitely, then we have 
ultimately 



2 f"" 
-4^ = — I sin rvf{v) dv. 

'"'Jo 



And as /(a?) now coincides in value with the expression 

A^ sin a? + -^jj sin 2a; + 

for an infinite number of equidistant values of x between 
and TT, we may write the result thus 

f{x) = - S* sin nx I sin nvf{v) dvy 

where the symbol S* indicates a summation to be obtained 
by giving to n every positive integral value. 

303, The theorem and demonstration of the preceding 
article are due to Lagrange ; we have given this ^emonstra^ 
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tion partly because of Its historical Interest, and partly be(^anse 
it affords an Instructive view of the subject. We snail how- 
ever not stop to examine the demonstration closely, but pro- 
ceed at once to the mode of investigation adopted by Polsson. 

304. The following expansion may be obtained by ordi- 
nary Trigonometrical methods, 

L=^£_- l + 2Acos^^i^ 

+ 2h^ cos ^ + 2h^ cos —. + ..., 

h being less than unity, so that the series Is convergent. 

Multiply both sides by 4>{v), and integrate with respect to v 
between the limits — I and I ; also make h approach to unity 
as Its limit. On the right-hand side the different powers of h 
become ultimately unity. The numerator of the fraction on 
the left-hand side will ultimately vanish, and thus the inte- 
gral would vanish if the denominator of the fraction were 
never zero. But if x lies between — I and Z, the term 

cos — ^—5 — ' win become equal to unity during the Integra- 
tion, and thus the denominator of the fraction will be (1 — A)^, 
and will tend towards zero as h approaches unity. Thus the 
Integral will not necessarily vanish ; we proceed to ascertain 
Its value. Let v — x = z and h^l—g, thus 

r {l-h^)<f>{v)dD rg{l+h)<l>{x + z)dz 

jl^2hcos'^^^+h^''l / + 4AsIn«g 

Now the only part of the integral which has any sensible 
value, Is that which arises from very small positive or nega- 
tive values of z ; thus we may put 

. TTZ TTZ 

""^ 27=27' 

and <f}{x + z) r=^{x); 
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and the integral becomes 

f dz f dz 

TT gl 

Suppose a and — yS to be the limits of 2 ; we thus get 

»^{tan-^« + tan-Z^L 

Hence, finally, when g is supposed to vanish, we have 
2^ (a?). Thus if x lies between — Z and I, 

4^{'^)=2ij <^W^^+7^r| <^ {v) cos ^'^ ^^^"" ^^ dv. 

If a? does not lie between — I and Z, the left-hand member 
must be replaced by zero. If however x = l or — ?, then the 
integral on the left-hand side has its sensible part when v is 
indefinitely near to I and — Z; we should then have to per- 
form the above process in both cases, but the integral with 
respect to z would only extend in the former case from — )8 
to 0, and in the latter from to a. Hence instead of 2Z^(Z) 
on the left-hand side, we should have 

305. In the same way as the result in Art. 313 is found, 
we have, if we integrate between and I, 

<^ («) = -,/ <f>{v)dv+jt^ j <f>{v)co&—^j — -dv. ...{!); 

this holds if a; has any value between and ?; but when 
x = the left-hand member must be i<^ (0), and when a? = Z 
the left-hand member must be J <^ (Z) ; for all other values of 
X the left-hand member should be zero. 
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Similarly 
= Yijy W dv +]t: £ 4> W cos "^(^^+^) rf„ (2); 

this holds for any value of x between and I ; but when 
x = the left-hand member must be J <^ (0), and when x = l 
the left-hand member must be J<^ (Z). 

From (1) and (2) by addition 

^(a;)=-=| <^(2;) e?i;+yS* cos— y- I cos—j—<f>{v)dv...{S). 

This holds for any value of x between and I, both in- 
clusive. 

From (1) and (2) by subtraction 

<p[x)=^\ sm— V- sin —J- (j) [v) av (4). 

This holds for any value of x between and I both exclu- 
sive ; and when x = or I, the left-hand member should be 
zero. 

Equation (4) comcides with Lagrange's Formula. 

We will now give some examples. 

306. Expand a; in a series of sines. Take formula (4) of 
Art. 314, and suppose l^ir; then 



/' 



, V cos nv sm nv 
V sin nvav = h 



n n^ ' 



therefore / t? sin nv (?v = — if n be odd, and — if n be even. 

Jo ^ ' n 

Thus 

a? =2 {sino? — J sin2a? + JsinSa? — J sin 4a; + }. 

This holds for values of x between and tt, and as both 
sides vanish with x it holds when a? = ; and it is obvious 
that if it holds for any positive value of x it holds for the 



256 EXPANSION OF FUNCTIONS 

corresponding negative value ; hence it holds for values of x 
between — ir and tt, exclusive of these limiting values. 

307. Expand cos a; in a series of sines. Take formula 
(4) of Art. 314 and suppose Z = tt ; then 

Icos V sin nt? rfv = J /{sin (n + 1) v + sin (n — 1) v\ dv 

_ . f cos {n + l)v cos {n — 1) v \ 

therefore / cosv sin?ii;(?i; = if n is odd, 

•'o 

2/1 ,n 

=- -2 — 7 if /I IS even ; 



therefore 



--^- sm2a; + -z-z sm4aj+...+ — 2^ 
TT 3 15 Ttr — l 



n 



cosa? = — ■{- sin 2a; + 7-; sin4aj+...H 2 ^ n sin 710;+... 



This holds from aj= to a? = 7r, exclusive of these limiting 
values, 

308. Expand a; in a series of cosines. 

Take formula (3) of Art. 314, and suppose Z = tt ; then 



/ 



, V sin nv cos nv 
V cos nv dv = + 



n n' ' 



therefore I v cos nv (?i; = zero if n be even, and — ^ if n be 
odd; and 

TT 4 1 1 

thus aj = {cos a; + -2 cos 3aj + -5 cos 5aj + }. 

This holds from a? = to x = 7r both inclusive. 

If we put a? = 5" — ^, we obtain the following formula, 
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which holds for any value of y between — ~ and — , both in- 
elusive, 

y = - {sin2^- -^ sin 3y + -^sin hy - ...}. 

309. Expand e"* — e~"* in a series of sines. 

Here (e** — e **) sin nvdv^ ^—5 s — - cos nir, 

Jo «+^ 

TT e^ — e~^ _ sin a? 2 sin 2x 3 sin Saj 
Iheretore ^ e»--6-«-" IN^" 2^ + a^ ^ 3« + a* "" 

310. Expand e« ("""*) + e-o(ir-a;) Jn ^ series of cosines. 

fir d f^av g - air's 

Here {e«^"'-^) + e-«^'^-^Ucos?iv6fo = — ^^-^ s — ^, 



an z)— air 



and {6«<'^-^) + e-«<^-'')}c?v= 

J ^ 



2^ gair _ ^-aTT "" 2^ "^ 1^ + a' "^ 2' + a' 



311. We have shewn that the formula (3) of Art. 314 
holds for any value of x between and I both inclusive; 
it is easy to determine what the right-hand member is equal 
to when x lies beyond these limits. Suppose x positive, and 
between I and 2Z; put aj = 2Z— a/ so that x is less than Z, 
then 

nirx ( ^ mrxr\ nirxf 

cos -T— = cos 27i7r 7- = cos 



"■~rj- 



therefore the value of the right-hand member is (j) (a/). Next 
suppose X greater than 2l; and suppose it equal to 2?wZ + a/ 
where xi" is less than 2l; then 

riTTX nirxf 

cos — y = cos —-^ — , 

T. I. c. 17 
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80 that the value is the same as it would be if a?' were put 
instead of x ; that is, the value is (j) {x') if a?' be less than Z, 
and j>{2l — af) if a/ be greater than I, 

It is obvious that for any negative value of x the value is 
the same as for the corresponding positive value. 

Similarly we may shew that it x is positive and = 2ml -hafj 
the value of the right-hand side of equation (4) of Art. 314 is 
the same as if a/ were put instead of x, and is (j) {x^) if aj' be 
less than I, and — <^ (2Z — a?') if a/ be greater than I. And for 
negative values of x the value is the same numerically as 
for the corresponding positive value, but with an opposite 
sign, 

312. It may be observed that in the fundamental demon- 
stration of Art. 313, we suppose that when h approaches unity 
as a limit, the expression 

fm , / \ nirlv — x) , 
\h <f> {v) cos — ^-^ -av 



may be replaced by 

jq> [v) cos ^ av, 

however large n may be. We may shew that no error arises 
from this supposition, by proving that the latter integral 
vanishes when n is increased indefinitely. For 



/ 



' , . UTT (v—x) y I4>(v) . nTriv — x) 
(p {vj cos ^ dv = ^ ^ ' sm — ^—j — - 



^ M sm ^ 'dv, 

irnj ^ ^ I 



which shews that the integral on the left-hand side will vanish 
when n is infinite, at least if <}>' {v) be not infinite. 

313. We have not yet alluded to one of the most re- 
markable points in connexion with the formulae (3) and (4) of 
Art. 314. In these formulse <^ (a?) need not be a contintunu 
function ; for example, from a; = to a? = a we might have 
(f>{x) =J[{x), then from aj = atoaj = Jwe might have 
(f) Ix) =f[x)j then from a? = J to x = c we might have 
^ (a?) =^(a?), then from a; = c to a; = Z we might have 
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^ (a?) =j^(a;). The formula (3) for instance would still be 
true for all values of x between and I inclusive, as is evident 
from the mode of demonstration, except for the values where 
the discontinuity occurs. When for example x = a, then the 
value of the right-hand member would not be j^ (a) or f^ [a) 
tut i {/i(«) +J^ {«)}. If therefore for x = a we have 
^ (aj) =j^(aj), the formula holds also when x = a. 

314. Find an expression which shall be equal to c when 
X lies between and a, and equal to zero when x lies between 
a and I, 

Take formula (3) of Art. 314. Here ^{v) =c from tj = to 
v = a, and then from t? = a to v = Z it is zero ; thus 

COS — ^ 9 [V) av 

- f nirv , cl . nira 

becomes c \ cos —r- dv = — sm — 7- 

therefore the required expression is 

ca 2c f . Tra irx - . 27ra 27raj 
-y- H {sm -y- cos -7- + J sm -y- cos — y— 

- . 37ra 37ra/ , 
+ Jsin -^cos-y- +...}, 

this will give Jc when a? = a. 

Or we may use formula (4) of Art. 314. Then 



/. 



c 



[ . nmr , cl ( ^ na'jr\ 

I sm —r- dv= — 1 — cos —7— , 

Jo ^ w*^ \ ^ / 



and we have for the required expression 
— {vers -7- sm-v- + * vers — y- sm-y- 

+ Jvers-^ sm-p + }; 

this gives when a? = 0, and \c when a? = a. 

315. Find an expression which shall be equal to Jcx from 
a; = to x = - , and equal to k{l'-x) from a;= — to a = Z. 

17—2 
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Here 



I 



I ^ (v) cos -,- a?; = I Avcos-y-av+l kaL—v) co^-y-dv 

= — J— sin — + -7- cos 5- V 4- — sinnTT - sm -— 

f wtt' 

, « - COS — ■ 

A;r^l . 1 . WTT COSUTT 2 

l-sinnTT— :r- sm-^ H 5 ^ 



TT In 2n 2 nir nir 

kr t^ nnr ,, 

= -Tit 2 COS — cos WTT — If. 

irn ^ 2 

This is 5-5 when n is of the form 4r + 2, and in every 

irn 

other case, and 

I ^ (v) c?v = Z; t? c?i; + A; I (? — t?) c?i? = — ; 

T 

thus the required expression is 



kl Ski 



1 27rx 1 eirx ] 



4 TT 



.2 



<2^^^^ 



^ + ^.cos — + ....^. 



If we denote this by y then from x = to a? = JZ both in- 
clusive 1/ = fee, then from x=^^l to a? = ? both inclusive 
y=:k{l — x); for values of x greater than I the values of y 
recur as shewn in Art. 320. Thus the value of y is the 
ordinate of the figure formed by measuring from the origin 
equal lengths along the axis of x to the right and left, and 
drawing on each base thus obtained the same isosceles tri- 
angle. 

316. As another example we may propose the following : 
find a function <]> {x) which shall be equal to x from a? = to 
a; = a, then be equal to a from x = a to ic = 7r— a, and then 
be equal to tt — x from x = 'rr — a to ic = 7r. 

The result is 

^ (a;) = — {sin a sin a? + -5 sin 3a sin 3aJ + -r, sin 5a sin 5x +...}; 
this is true from aj = to a? = tt both inclusive. 
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317. Tie student may verify the following examples. 
K a? be numerically less than a the expression 






cos {2n + 1) 2^ 

271+1 



is equal to a — a? if a? be positive, and a + a; if a? be negative. 
Prove that for values of x between — tt and tt inclusive 



X 



,2 



TT^ COS 2x COS 3aj 



_ = __co8a.+^, _+ 



This may be obtained from Art. 315 by integration; or 
from equation (3) of Art. 314. 

318. In the formula 

suppose I to increase without limit ; then if <^ (t?) be such that 

If' . .1 

the term — y I (f>{v) dv vanishes with -^ we have 



>ao /•ao 



(f>{x) =— I I COS u{v — x)^ (v) du dv. 



•' —00 

This is called Fourier's Theorem. 
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CHAPTER XIV. 



APPLICATION OF THE INTEGRAL CALCULUS TO QUESTIONS 
OF MEAN VALUE AND PROBABILITY. 



319. We will here give a few simple examples of the ap- 
plication of the Integral Calculus to questions relating to 
Tnean value and to prohdbility. 

Let ^ [x) denote any function of a?, and suppose x succes- 
sively equal to a, a + A, a + 2A, ... o + (n — 1) A. Then 

n 

may be said to be the mean or average of the n values which 
ip {x) receives corresponding to the n values of x. Let 

J — a = nh, 

then the above mean value may be written thus 

[^(a)+<^(a + A)+<^(q + 2A) + ... + <^{a-f-(n--l)A}] A 

b — a 

Suppose a and h to remain fixed and n to increase inde- 
finitely ; then the limit of the above expression is 



/. 



(f) {x) dx 
b — a 
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This may accordingly be defined to be the mean value of 
^ [x) when x varies continuously between a and J. 

320. As an example we may take the following ques- 
tion; find the mean distance of all points within a circle 
from a fixed point on the circumference. By this enunciation 
we intend the following process to be performed. Let the 
area of a circle be divided into a large number n of equal 
small areas ; form a fraction of which the numerator is the 
sum of the distances of these small areas from a fixed point 
on the circumference, and the denominator is n ; then find 
the limit of this fraction when n is infinite. 

Suppose r^, rg,... r„ to denote the respective distances of 
the small areas ; then the fraction required is 

Multiply both numerator and denominator by r L6 Ar, which 
represents the area of a small element (Art. 148), thus the 
fraction becomes 

nr A0 Ar 

The limit of the denominator will represent the area of the 
circle, that is irc^, if c be the radius of the circle. The limit 
of the numerator will be, by the definitions of the Integral 

Calculus, jjr^dOdr, the limits being so taken as to include 

all the elements of area within the boundary of the circle. 
Thus the result is 



IT 

"2 



2e cos 

r^dOdr 



irc^ 



This will be found to give -^r— . 
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321. The equation to a curve is r = c sin ^ cos 0, find the 
mean length of all the radii vectores drawn at equal angular 
intervals in the first quadrant. 

It easily follows, as in the last article, that the required 
mean length is 



/. 



IT 

2 



c sin 6 cos 6 d6 

^ , 

TT 

2 

that is, — . 

TT 

Again, suppose the portion of this curve which lies in the 
first quadrant to revolve round the initial line, and thus to 
generate a surface. Let radii vectores be drawn firom the ori- 
gin to difierent points of the surface equably in all directions : 
it is required to find the mean length of the radii vectores. 

The only difficulty in this question lies in apprehending 
clearly what is meant by the words in Italics. Conceive a 
spherical surface having the origin as centre; then by equable 
angular distribution of the radii vectores, we mean that they 
are to be so drawn that the number of them which fall upon 
any portion of the spherical surface must be proportional to 
the area of that portion. Now the area of any portion of a 
sphere of radius a is found by integrating 



a^ [[sin e d(f> d0 



within proper limits (Art. 175). Hence a^sin^ A^ Ad may be 
taken to denote an element of a spherical surface, and 27ra' is 
the area of half the surface of a sphere. Thus we shall have 
as the required result 



I la^c sin 6 cos sin d(f> d0 



27ra^ ' 

the limits being so taken as to extend the integrations over 
the entire surface considered. 
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Hence we obtain 



I / c sw? COS d<f> d0 

J J 



27r 



that is, - . 



322. A large plane area is ruled with parallel equidistant 
lines ; a thin rod, the length of which is less than the distance 
between two consecutive lines, is thrown at hazard on the 
area; find the probability that the rod will fall across one of 
the lines. Let 2a be the distance between two consecutive 
lines and 2c the length of the rod. It is easily seen that we 
do not alter the problem by supposing the centre of the rod 
constrained to fall upon a line drawn between consecutive 
lines of the given system and meeting them at right angles, 
for the proportion of the favourable cases to the whole number 
of cases remains the same after this limitation as before. 

Let the centre of the rod be at a distance x from the nearer 

of the two selected parallels ; then suppose the rod to revolve 

round its centre, and it is obvious that in this position of its 

4<6 
centre the chance that it crosses the line is —-. where 

27r 

c cos <]> = x. 

And we may denote by — the chance that the centre of the 

rod falls between the distances x and x + Aa? from the nearer 

of the two parallels. Thus the chance required will be de- 

2<6 Ace 
noted by the limit of the sum of such quantities as — — , 

that is, it will be 

2 



ira 



j(l)dx, 



where cos <£> = -. 
^ c 
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The limits of a: axe and c; hence the result 



= — I 6 sin 6 dd) 





2c 
ira ' 



EXAMPLES. 

1. If r =f{0) and y =/(-) he the equations to two curves, 

f{0) being a function which vanishes for the values 
0^, 0^, and is positive for all values between these 
limits, and if ^ be the area of the former between the 
limits = 0^ and = 0^, and M the arithmetical mean 
of all the transverse sections of the solid generated by 
the revolution about the axis of x of the portion of the 
latter curve between the limits x = a^^ and x = o^,, 
shew that 

supposing 0^ greater than 0^. 

2. A ball is fired at random from a gun which is equally 

likely to be presented in any direction in space above 
the norizon; shew that tne chance of its reaching 

more than — th of its greatest range is a /( 1 ) • 

3. From a point in the circumference of a circular field a 

projectile is thrown at random with a given velocity, 
which is such that the diameter of the field is equal to 
the greatest range of the projectile ; find the chance of 
its falling within the field. 

4. On a table a series of straight lines at equal distances 

from one another is drawn and a cube is thrown at 
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random on the table. Find the chance of its resting 
without covering any part of the lines. 

5. Prove that the mean of all the radius-vectors of an 

ellipse, the focus being the origin, is equal to half the 
minor axis. 

6. An indefinite number of equidistant parallel lines are 

drawn on a plane, and a rod whose length is equal to 
r times the perpendicular distance between two con- 
secutive lines is thrown at random on the plane ; find 
the probability of its falling upon n of the lines. If 

n = r = 1, shew that the probability is - . 

7. Two arrows are sticking in a circular target; what is 

the chance that their distance is greater than the 
radius of the target? 

8. Supposing the orbits of comets to be equably distributed 

through space, prove that their mean inclination to 
the plane of the ecliptic is the angle subtended by an 
arc equal to the radius. 

9. A certain territory is bounded by two meridian circles 

and by two parallels of latitude which differ in longi- 
tude and latitude respectively by one degree, and is 
known to lie within certain limits of latitude ; find the 
probable superficial area. 

10. A line is taken of given length a, and two other lines 
are taken each less than the first line and laid down in 
it at hazard, any one position of either being as likely 
as any other. The lengths of these lines are h and V ; 
it is required to find the probability that they shall 
not have a part exceeding c in common. 

(a — o) (a — 0) 
Camh. Phil. Transactions^ Vol. VIII. p. 386. 
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11. An indefinitely large plane area is ruled with parallel 

equidistant lines, the distance between consecutive 
lines being c. An ellipse whose major axis is less 
than c is thrown down on the area. Shew that the 
chance that the ellipse falls on one of the lines is 

— where I denotes the perimeter of the ellipse. 

12. A messenger M starts from A towards B (distance a) at 

a rate of v miles per hour, but before he arrives at ^ a 
shower of rain commences at A and at all places occu- 
pying a certain distance z towards, but not reaching 
beyond, B, and moves at the rate of u miles an hour 
towards A; if Jlf be caught in this shower he will be 
obliged to stop until it is over ; he is also to receive 
for his errand a number of shillings inversely propor- 
tional to the time occupied in it, at the rate of n shil- 
lings for one hour. Supposing the distance « to be 
unknown, as also the time at which the shower com- 
menced, but all events to be equally probable, shew 
that the value of il/'s expectation is, in shillings, 
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THE END. 
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*' Defence of the Apology." By A. T. RUSSELL. Fop. Svo. bds. 5$. 
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JUSTIN MARTYR.-S. Justini PhUosophi et Martyris 

Apologia Prima. Edited, with a corrected Text, and English Introduction 
and explanatory Notes, by W. TROLLOPE, M .A. Pembroke College, Cam- 
bridge. 8vo. bds. 7s. 6d. 

JUVENAL.— Juvenal : chiefly from the Text of Jahn. 

With English Notes for tbe Use of Schools. By J. E. B. MAYOR, M.A. 
Fellow and Classical Lecturer of St. John's College, Cambridge. Crown 8vo. 
cloth, 10«. 6d. 

EENNEDT.— The Inflnence of Christianity upon Inter* 

national Law. The Hulsean Price Essay in the Uniyersity of Cambridge for 
the year 1854. Crown 8vo. cloth, 4s. 

KINGSLEY.— " Westward Ho !" or, the Voyages and Adven- 
tures of Sir Amyas Leigh, Elnight of Burrough, in the County of Devon, in 
the Reign of Her Most Glorious Mi^esty Queen Elizabeth. By CHARLES 
KINGSLEY. Second Edition. S vols, crown 8vo. 1/. Us. 6 J. 

KINGSLEY.— The Heroes: or, Greek Fairy Tales for my 

Children. With Eight Illustrations after Drawings by the Author. In 8vo. 
beautifully printed on tinted paper, and elegantly bound in cloth, with gilt 
leaves, 7s. 6d. 
" If the public accept our recommmdation, Mr. Kingsley's little book will run 
through many editions." — Guardiant March 12, 1856. 

KINGSLEY.— Glaucus ; or, the Wonders of the Shore. 

Third Sditioni corrected and enlarged. With a Frontispiece. Fcap. 8vo. 
elegantly bound in cloth, with gilt leaves, Ss. 6d, 

KINGSLEY.— Alexandria and Her Schools: being Four Lec- 
tures delivered at the Philosophical Institution, Edinburgh. With a Preface. 
Crown 8vo. cloth, 5s. 

KINGSLEY.— Phaethon ; or Loose Thoughts for Loose 

Thinkers. Second Editton. Crown 8vo. boards, 2s. 

LATHAM.— Geometrical Problems in the Properties of Conic 

Sections. By H. LATHAM, M.A. Fellow and Tutor of Trinity Hall. 8vo. 
sewed, is.Sd, 

LECTURES to Ladies on Practical Subjects. 

Delivered in London during the month of July, 1855, by the Rev. F. D. 
MAURICE, Professor TRENCH, Archdeacon ALLEN, J. S. BREWER, 
J. LL. DAVIES, CHARLES KINGSLEY, Dr. CHAMBERS, 
Dr. SIEYEKING, Dr. JOHNSON, TOM TAYLOR, Esq., and 
F. J. STEPHEN, Esq. Second Edition. Crown 8vo. cloth, 7s. 6d. 

LETTERS from Italy and Vienna. 

Small 8vo. cloth, 5s. 6d, 

LUSHINGTON.— La Nation Boutiqui^re : and other Poems, 

chiefly Political. With a Preface. By the late HENRY LUSHINGTON, 
Chief Secretary to the Governor of Malta. Points Of War. By 
FRANKLIN LUSHINGTON, Judge in the Supreme Courts of the Ionian 
Isles. In 1 vol. fcap. 8vo. cloth, 3s, 
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MACKENZIE.— The Christian Clergy of the first Ten Cen- 
turies: their Influence on European ClviHzation. By HENRY MACKENZIE. 
B. A. formerly Scholar of Trinity College, Cambridge. Crown 8yo. cloth, 6«. 6d. 

MANSFIELD.— Paraguay, Brazil, and the Plate. 

With a Map, and numerous Woodcuts. Edited from the Author's MSS. 
With a Sketch of his Life. By the Rev. CHARLES KIN6SLET. Crown 
8yo. cloth, 12«. 6d, IJust ready. 

MANSFIELD.— On the Constitution of Salts. 

Edited from the Author's MS. by N. H. S. MASKELTNE, M.A. Wadham 
College, and Reader in Mineralogy in the University of Osibrd. {In the Frees. 

M'COT. — Preparing for Publication; to be completed in about Five Parts, 
price 5«. each, forming One Volume %vo. of about 500 pages, with nearly 1,00C 
illustrations in the text, drawn and engraved by the Author, 

A Manual of the Genera of British Fossils. 

Comprising Systematic Descriptions of all the Classes, Orders, Families, and 
Genera of Fossil Animals found in the Strata of the British Isles ; with 
figures of all the Generic Types. By FREDERICK M'COY, F.G.S., Hon. 
F.C.P.S., Professor of Natural History in the University of Melbourne, Author 
of " Characters of the Carboniferous Limestone Fossils of Irelmid,** " Synopsis 
of the Silurian Fossils of Ireland," one of the Authofs of ** Sedgwick and 
M'Coy's British Palaeozoic Rooks and Fossils," &c. 

M'COT. — Preparing for Publication, in One Volume, crown 8vo. with numerous 
Illustrations, 

An Elementary Introduction to the Study of PalsBontology. 

With numerous Figures illustrative of Structural Details. 
*»* This little Work is intended to supply all that elementary information on the 
Structure of Fossil Animals, with reference to the most nearly allied existing 
types, illustrated explanation of technical terms, &c. which the beginner may 
require, but which would be out of place in the Author's systematic volume 
on the Genera. 

M'COY.— Contributions to British Palaeontology; or, First De- 
scriptions of several hundred Fossil Radiata, Articulata, MoUusca, and Pisces, 
from the Tertiary, Cretaceous, Oolitic, and Paleeozoic Strata of Great Britain. 
With numerous Woodcuts. 8vo. cloth, 9». 

•«• This forms a complete Series of the Author*s Papers tirom the ''Annals of 
Natural History." 

MASSON.—Essays, Biogra|>hical and Critical ; chiefly on the 

English Poets. By DAVID MASSON, M.A. Prdfessoi of English 
Literature in University College, London. 8vo. cloth, 12*. M. 

MAURICE.— Discourses on the Gospel according to St. John. 

Crown 8vo. cloth. [Nemrlff ready. 

MAURICE.— A Photograph Portrait of Rev. F. B. Maurice. 

4to. price €«. 

MAURICE.— Lectures on the Ecclesiastical History of the 

First and Second Centuries. By FREDERICK DENISON MAXHIICE, 
M.A. Chaplain of Lincoln's Inn. 8vo. cloth, 10«. 6(f. 
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MAURICE.-The Unity of the Now Testament, being a 

Synopsis of, and Commentary, on the first three Gospels, and the Epistles of 
St. James, St. Jude, St. Peter, and St. Paul. 8yo. cloth, I4«. 

MAURICE.— Patriarchs and Lawgivers of the Old Testament. 

Second Edition. With new Preface. Crown 8vo. cloth, 6«. 

MAURICE.— The Prophets and Kings of the Old Testament. 

Crown 8vo. cloth. Second Editton. 10«. 6d. 

MAURICE.— Theological Essays. 

Second Edition, with a new Preface and other additions. Crown 8vo. 
cloth, 10«. 6d. 

MAURICE.— The Doctrine of Sacrifice deduced from the 

Scriptures. With a Dedicatory Letter to the Toong Men's Christian Associa- 
tion. Crown 8vo. cloth, 7«. 6^. 

MAURICE.— Christmas Day, and other Sermons. 

8vo. cloth, \0s.6d. 

MAURICE.— The Religions of the World, and their relations 

to Christianity. Third Edition. Fcap. 8vo. cloth, 5$. 

MAURICE.— The Prayer-Book considered, especially in re- 
ference to the Romish System. Second Editton. Fcap. 8yo. cloth, 5#. 6d. 

MAURICE.— The Church a Family. Twelve Sermons on the 

Occasional Services of the Prayer-Book. Fc^p. 8to. cloth, 4«. 6d, 

MAURICE.— On the Lord's Prayer. 

Third Edition. Fcap. 8vo. cloth, 2«. 6d, 

MAURICE.— On the Sabbath Day: the Character of the 

Warrior; and on the Interpretation of History. Fcap. Syo. cloth, 2s. 6d. 

MAURICE.— Learning, and Working.— Six Lectures delivered 

in Willis's Rooms, London, in June and July, 1854. The Religion of 
Ronie, and its influence on Modem Civilixation.~Four Lec- 
tures delivered in the Philosophical Institution of Edinburgh, in December 
1854. In One Volume, Crown 8vo. cloth, 5«. 

MAURICE.— An Essay on Eternal Life and Eternal Death, 

and the Preface to the new Edition of <' Theological Essays." Crown 8yo. 
sewed, U. 6d. 

*«* Published separately for the purchasers of the first edition. 

MAURICE.— Death and Life. A Sermon Preached in the 

Chapel of Lincoln's Inn, March 25, 1855. Jn IftemnUm <S. V. IS. 8yo. 
sewed, U, 

MAURICE.— Plan of a Female College for the Help of the 

Rich and of the Poor. A Lecture delivered at the Working Men's College, 
London, to a Class of Ladies. 8vo. 6d. 

MAURICE.— Administrative Reform. 

A Lecture delivered at the Working Men's College, London. Crown 8vo. Sd. 
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MAUBICE— The Word "Eternal," and the Punishment of 

the Wicked. A Letter to the Rev. Dr. Jelf, Principal of King's College. 
London. Fifth Thousand. Syo. 1#. 

MAURICE.— The Name "Protestant:" the Seemingly Double 

Character of the English Church: and the English Bishopric at Jerusalem. 
Three Letters to the Rev. Wm. Pahneri Fellow and Tutor of Magdalen 
College, Oxford. Second Edition. Syo. it, 

MAURICE.— On Right and Wrong Methods of Supporting 

Protestantism. A Letter to Lord Ashley. 8vo. 1#. 

MAURICE.—Thoughts on the Duty of a Protestant, in the 

Oxford Election of 1847. Svo. U. 

MAURICE.— The Case of Queen's College, London. 

A Letter to the Lord Bishop of London, in reply to the " Quarterly Reriew." 
Svo. ]«. 6d. 

MAURICE.— Lectures on Modem History and English 

Literature. [Preparing. 

MAURICE.— Law's Remarks on the Fable of the Bees, witi^ 

an Introduction of Eighty Pages by FREDERICK DENISON MAURICE, 
M.A. Chaplain of Lincoln's Inn. Fcp. Svo. cloth, 4s. 6d. 
**This introduetion discuues the Relicioni, Political, Social, and Ethical Theories of our 

day, and shows the special worth of Law's method, and how far it is applicable to our eir> 

e umstanees. ** 

MINUCIUS FELIX.-The Octavius of Minucius Felix. 

Translated into English by LORD H AILES. Fcp. Svo. cloth, 3s. Bd. 

NAPIER.— Lord Bacon and Sir Walter Raleigh. 

Critical and Biographical Essays. By MACVEY NAPIER, late Editor 
of the Edinburgh Rtview and of the Bncyclopadia Briianniea. Post Svo. 
cloth, 7«. 64. 

NIND.-Sonnets of Cambridge Life. By Rev. W. NINB, M.A. 

Fellowof St. Peter's College. Post Svo. boards, 2s. 

NIND.— The German Lyrist; or, Metrical Versions from the 

principal German Lyric Poets. By Rev. W. NIND, Fellow of St. Peter's 
College. Crown Svo. cloth, Zs. 

NORRIS.— Ten School-Room Addresses. 

Edited by J. P. NORRIS, M.A. Fellow of Trinity College, and one of Her 
Majesty's Inspectors of Schools. ISmo. sewed, Stf. 

PALE7.— An Analysis of Paley's Evidences of Christianity, 

in the form of Question and Answer. With the Senate House Papers for 
the Year 1854. By CHARLES H. CROSSE, M.A. of GonvUle and Caius 
College. ISmo. boards, Z*. 6tf. 

PARKINSON.— A Treatise on Elementary Mechanics. 

For the Use of the Junior Classes at the University, and the Higher Classes in 
Schools. With a Collection of Examples. ByS. PARKINSON, M.A. Fellow 
and Assistant Tutor of St. John's College, Cambridge. Crown Svo. cloth, 9«. 6</. 
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PARMINTER.~Materials for a Grammar of the Modem 

English Language. Designed as a Text-book of Classical Grammar for the 
use of Training Colleges, and the Higher Classes of English Schools. By 
GEORGE HENRY PARMINTER, of Trinity College, Cambridge; Rector 
of the United Parishes of SS. John and George, Exeter. Fci^. 8yo. cloth, 3«. 6d. 

PAYN.— Poems. 

By JAMES PAYN. Pep. 8vo. cloth, 5*. 

PEACE IN WAR. 3n mmoriam H. K. 

Crown 8vo. sewed. Is. 

PEARSON.— Elements of the Galeolns of Finite Differences, 

treated on the Method of the Separation of Symbols. By J. PEARSON, M.A. 
Rector of St. Edmund's, Norwich, Mathematical Master of Norwich Grammar 
School, and formerly Scholar of Trinity College, Cambridge. Second 
Edition^ enlarged. Syo. 5#. 

PEROWNE.-" Al-Adjrumiieh." 

An Elementary Arabic Grammar, with a Translation. By J. J. S. PEROWNE, 
M.A. Fellow of Corpus Christi College, Cambridge, and Lecturer in Hebrew 
in King's College, London. 8vo. cloth, 5#. 

PERRY.—Five Sermons Preached before the University of 

Cambridge, in November 1855. By the Right Rev. CHARLES PERRY, 
Lord Bishop of Melbourne, formerly Fellow and Tutor of Trinity College, 
Cambridge. Crown 8 vo. cloth, 3«. 

PHEAR.— Elementary Mechanics. 

Accompanied by numerous Examples solved Geometrically. By J. B. 
PHEAR, M.A., Fellow and Mathematical Lecturer of Clare Hall, Cambridge. 
8vo. cloth, lOs. 6a. 

PHEAR.— Elementary Hydrostatics. 

Accompanied by numerous Examples. Crown Svo. cloth, 5«. 6d, 

PLATO.— The Republic of Plato. 

Translated into English, with Notes. By Two Fellows of Trinity College, 
Cambridge, (J. LI. Davies M.A., and D. J. Yaughan, M.A.) Second 
Edition. 8vo. cloth. [Pr^Muring, 

POWELL.— The Scriptural Doctrine of the Influence of the 

Holy Ghost, as Illustrated by the Analogy of Nature. The Bumey Prize Essay 
for the year 1853. 8vo. sewed, 2s. 6d. 

PRATT.— The Mathematical Principles of Mechanical 

Philosophy. By J. H. PRATT, M.A., Fellow of Cains College. 

*»* 'The above work is now out of Print: but the Part on STATICS has been re- 
edited by Mr, Todhunter, with numerous alterations and additions: the Part on 
DYNAMICS, by Messrs. Tait and Steele, is just published. The other parts will be 
published in separate forms, improved and altered as may seem needfUl. 

PRINCIPLES of ETHICS according to the NEW TESTA- 

M£NT. Crown 8yo. 2s. 
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PBOCTEB.— A History of the Book of Common Prayer: with 

a Rationale of iU Offices. By FRANCIS PROCTER, M. A., Vicar of Witton. 
Norfolk, and late Fellow of St. Catherine's Hall. Second fiditlos, 
revised and enlarged. Crown 8vo. cloth, 10«. 6d. 
*«* This is part of a series of Theological Manuals, now in progress. 

PUCELE.— An Elementary Treatise on Conic Sections and 

Algebraic Geometry. With a numerous collection of Easy Examples pro- 
gressively arranged, especially designed for the use of Schools and Beginners. 
By O. HALE PUCKLE, M.A., St. John's College, Cambridge; Principal of 
Windermere College. Second Sditioni enlarged and improved. Crown 
8vo. cloth, 7s. 6tU 

PUBTON.— The Acts of the Apostles. 

With a Paraphrase and Exegetical Commentary. By JOHN SMYTH 
PURTON, M.A. Fellow and Tutor of St. Catherine's Hall, Cambridge. 8vo. 

iPreparing. 

BAMSAT.— The Catechiser's Mannal; or, the Church Cate- 
chism illustrated and explained, for the use of Clergymen, Schoolmasters, 
and Teachers. By ARTHUR RAMSAY, M.A. of Trinity College, 
Cambridge. 18mo. cloth, 8«.6£{. 

BEICHEL.— The Lord's Prayer and other Sermons. 

By C. P. REICHEL, B.D., Professor of Latin in the Queen's University; 
Chaplain to his Excellency the Lord Lieutenant of Ireland; and late Don> 
nellan Lecturer in the University of Dublin. Crown 8vo. cloth, 7s. 6d. 

BOBINSON.— Autobiography of Matthew Bobinson. 

Now first published. With Illustrations. By J. E. B. MAYOR, M.A. Fellow 
and Assistant Tutor of St. John's College. Fcap. 8vo. uniform with Lives of 
Ferrar, bound in cloth, 5«. 6d, [Just ready. 

BOBINSON.— Missions urged upon the State on grounds 

both of Duty and Policy. An Essay which obtained the Maitland Prize in 
the year 1852. By C. K. ROBINSON, M.A., Fellow and Assistant Tutor of 
St. Catherine's Hall, Cambridge. Fcp. 8vo. cloth, 3«. 

BOSE (Henry John).— An Exposition of the Articles of the 

Church of England. By HENRY JOHN ROSE, B.D. late Fellow of St. 
John's College, and Hulsean Lecturer in the University of Cambridge. 

[Preparing, 
*»* This is part of a Series of Theological Manuals now in progress. 

SALLUST.-SaUust. 

The Latin Text, with English Notes. By CHARLES MERIVALE, 3.D.; 
late Fellow and Tutor of St. John's College, Cambridge, ftc, Auth<M: of the 
** History of Rome," &c. Crown 8vo. cloUi, 5s. 

SEDGWICK AND M'COY'S British Palseozoic Fossils. 

Part I. -Ito. sewed, IBs, 

P«rt II. 4to. sewed, 10*. 

Part III, completing the 

work, 16«. Just ready. 

*«* The whole bound xk Two Vols., 4<o. cloth, £2 2«. 
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SELWYN.— The Work of Christ in the World. Four Sermons, 

preached before the University of Cambridge, pn the four Sundays preceding 
Advent in the year of our Lord 1854. By the Right Rev. GEORGE 
AUGUSTUS SELWYN, D.D. Bishop of New Zealand, formerly Fellow of 
St. John's College. Third Edition. Crown Svo. 2». 

SELWYN.— A Verbal Analysis of the Holy Bible. 

Intended to facilitate the translation of the Holy Scriptures into Foreign 
Languages. Compiled by THE BISHOP OF NEW ZEALAND, for the use 
of the Melanesian Mission. Small folio, doth, 14«. 

SIMPSON.— An Epitome of the History of the Christian 

Church during the first Three Centuries and during the Time of the Refor- 
mation, adapted for the use of 'students in the Universities and in Schools. 
By WILLIAM SIMPSON, M.A. With Examination Questions. Second 
Edition^ Improved. Fcp. Svo. cloth, 5s. 

SMITH.— Arithmetic and Algebra, in their Principles and 

Application: with numerous systematically arranged Examples, taken from 
the Cambridge Examination Papers. With especial reference to the ordinary 
Examination for B. A. Degree. By BARNARD SMITH, M.A.,' Fellow of St. 
Peter's College, Cambridge. Third Sdition, enlarged and revised 
throughout. Crown Svo. cloth, lO^r. 6d. 

SMITH.— Arithmetic for the use of Schools. By BARNARD 

SMITH, M.A. Fellow of St. Peter's College. Pourtb Thousand^ with 
Additions. Crown Svo. cloth, 4s. M. 

*«* This has been published in accordance with very nmneroun requests from 
Schoolmasters and Inspectors of Schools. It comprises a complete reprint of the 
Arithmetic from Mr. Smith's larger work, with such alterations as were necessary 
in separating it from the Algebra, and references throughout to the Decimal System 
of Coinage. 

SMITH.— A Key to Mr. Smith's Arithmetic for Schools. 

Crown Svo. cloth, Bs. 6d. 

SMITH.— Mechanics and Hydrostatics, in their Principles 

and Application : with numerous systematically arranged Examples, takes 
from the Cambridge Examination Papers. With a special reference to the 
Ordinary Examination for B.A. Degree. By BARNARD SMITH, M.A. 
Fel\ow of St. Peter's Cellege, Cambridge. [Prepar tn^. 

SNOWBALL.— The Elements of Plane and Spherical 

Trigonometry. Greatly improved and enlarged. By J. C. SNOWBALL, M.A. 
Fellow of St. John's College, Cambridge. Biglith Edition, with Addition 
and Improvements. Crown Svo. cloth, 7s. 6d. 

SWAINSON.— A Hand Book to Butler's Analogy. 

With a few Notes. By C. A. SWAINSON, M.A. Principal of the Chichester 
Theological College, formerly Fellow and Tntor of Christ's College Cam- 
bridge, and Preacher at Whitehall. CrowA Svo. 1«. 9d, 
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TAIT and STEELE.— A Treatise on Dynamics, with nnme- 

rons Examples. By P. O. TAIT, Fellow of St. Peter's College, and Professor 
of Mathematics in Queen's College, Belfast, and W. J. STEELE, Fellow of 
St. Peter's College. Crown 8vo. cloth, 10«. 6tf. \Ju»t ready. 

This is a new Edition of that part of Pratt's Mechanical Philosophy which 
treats of Dynamics, with large additions and improvements. 

TAYLOR.— The Restoration of Belief. ^ . '. ^'^-^ '• -^ 

By ISAAC TAYLOR. Crown Syo. cloth,jA 6^' 

THEOCRITUS.-Theocritus. 

The Greek Text, with English notes, Critical and Explanatory, for the use of 
Colleges and Schools. By E. H. PEROWNE, M.A^ Fellow o^JGtisgyak 
Christi College. Crown 8vo. . a ,, .^ . '^ \ 0- \ [^ V'OV* - ^ 

THEOLOGICAL Manuals. V ' " '^ [ V/ . 

Justjjtifblshcd :— ' .:' W \ \ i^ * -^ 
CHURCH HISTORY : T^EMiPMifi' ACfel «y CRyLRLES HARD- 

WICK. With Four Maps. Crown 8vo. cloth, price 10«. %d. 
THE COMMON PRAYER : ITS HISTORY AND RATIONALE. By 

FRANCIS PROCTER. Second Sdition. Crown 8yo. cloth, ]0«. 6<f. 
A HISTORY OF THE CANON OF B&EWSW /TESMMElf T. Xfly 

B. P. WESTCOTT. Crown 8vo. cloth, ijf. W. ^ *H. -«-<<) ^ 
CHURCH HISTORY: THE REFORMATION. Bf CHARI.ES.HARD. / 

WICK. Crown 8vo. cloth. 10#. 6d. \s ^ ' ^.12'^^ * i^ " .^ QjOl. 

The following will shortly appear :— ' 

INTRODUCTION TO THE STUDY OF THE OLD TESTAMEl^. 
NOTES ON ISAIAH. / 

INTRODUCTION TO THE STUDY OF THE GOSPELS. i 

— EPISTLES. 

NOTES ON THE GOSPELS AND ACTS. 

EPISTLES AND APOCALYPSE. 
CHURCH HISTORY, THE FIRST SIX CENTURIES. 

» • ■ ■ 17th century to THE PRESENT TIME. 

THE THREE CREEDS. 

THE THIRTY-NINE ARTICLES. 

*«* Others are in progress, and will he announced in dne time. 

THRIHG.— A Gonstrumg Book. 

Compiled by the Rev. EDWARD THRING, M.A. late Fellow of King's 
CoUege, Cambridge, and Head Master of Uppingham School. Pcap. Svo. 
cloth, 2«. %d. 

THRING.— The Elements of Grammar taught in English. 

By EDWARD THRING, M.A. Head Master of the Royal Grammar 
School, Uppingham ; late Fellow of King's College, Cambridge. Second 
Sdition. ISmo. bound in cloth, 2«. 

THRING.—The Child's Grammar. 

Being the substance of the above, with Examples for Practice. Adapted fox 
Junior Classes. A New Edition* ISmo. limp cloth, ]#. 
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THRUPP.— Psalms and Hymns for Public Worship. Selected 

and Edited by JOSEPH FRANCIS THRUPP, M.A. Vicar of Barrington,lat« 
Fellow Qf Trinity College. 18mo. cloth, 2». Second paper in limp cloth, Is. id, 

THRUPP.— Antient Jerusalem: a New Investigation into the 

History, Topography, and Plan of the City, Environs, and Temple. Designed 
principally to illustrate the records and prophecies of Scripture. With Map 
and Plans. By JOSEPH FRANCIS THRUPP, M.A. Vicar of Batrington, 
Cambridge, late Fellow of Trinity College. 8vo. cloth, 1$«. 

TODHUNTER.— A Treatise on the Differential Calculus ; and 

the Elements of the Integral Calculus. With numerous Examples. By 
I. TODHUNTER, M.A., Fellow and Tutor of St. John's College, Cambridge. 
Second Edition. Crown 8vo. cloth, 10«. 6d. 

TODHUNTER.— A Treatise on the Integral Calculus. 

With numerous Examples. Crown 8vo. cloth. [In the Press, 

TODHUNTER. — A Treatise on Analytical Statics, with 

numerous Examples. Crown 8vo. cloth, 10s. 6d. 

TODHUNTER.— A Treatise on Conic Sections. With 

numerous Examples. For the Use of Colleges and Schools. Crown 8vo. 
cloth, 10s. 6d. 

TODHUNTER.— A Treatise on Algebra, for the Use of 

Students in the Universities, and of the Higher Classes in Schools. [Prep. 

Also by the same Author, 

An Elementary Work on the same subject, for the use of 

Beginners. 

TRENCH.— Synonyms of the New Testament. 

By RICHARD CHENEVIX TRENCH, B.D., Vicar of Itchenstoke, Hants, 
Professor of Divinity, King's College, London, and Examining Chaplain to 
the Bishop of Oxford. Tliird Edition^ revised. Fcp. 8vo. cloth, 5s. 

TRENCH.— Hulsean Lectures for 1845—46. 

Contents. 1.— The Fitness of Holy Scripture for unfolding the Spiritual Life 
of Man. 2. — Christ the Desire of all Nations ; or the Unconscious Pro- 
phecies of Heathendom. Third Sdition. Foolscap 8vo. cloth, 5s. 

VAUGHAN.— Sermons preached in St. John's Church, 

Leicester, during the years 1865 and 1856. Crown 8vo. cloth, 5s, 6d. 

WATERS OF COMFORT.— A Small Volume of Devotional 

Poetry of a Practical Character. By the Author of '* Visiting my Relations." 
Fcap. 8vo. cloth, is. 

WESTCOTT.— A general View of the History of the Canon of 

the New Testament during the First Four Centuries. By BROOKE FOBS 
WESTCOTT, M.A., Assistant Master of Harrow School; late Fellow of 
Trinity College, Cambridge. Crown 8vo. cloth, 12«. 6i. 
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WESTGOTT.— An Introdnction to the Study of the Gospels ; 

including a new and improved Edition of " The Klements of the Gospel 
Hannony." With a Catena on Inspiration, from the Writings of the Ante- 
Nicene Fathers. Crown 8vo. [Preparing. 

WESTGOTT.— An Introdnction 1^ the Study of the Ganonical 

Epistles; including an attempt to deteil'lUne their separate purposes and 

mutual relations. By BROOKE FOSS WESTCpXT, M.A. iPreparing, 

*»* These three hooks are part of a series of Theological Manuals now in progress. 

WILSON.— The Five Gateways of Knowledge. 

By OEORGE WILSON, M.D., F.R.S.E., Regius Professor of Technology in 
the University of Edinburgh. In fcap. 8vo. cloth, 2s. 6d. ; elegantly bound 
in cloth, with richly gilt back and sides, and with gilt leaves, St. Gd. 
[Just ready. 

WILSON.— A Treatise on Dynamica. 

By W. P. WILSON, M.A., Fellow of St. Johii's, Cambridge, and Professor of 
Mathematics in the University of Melbourne. 8vo. bds. 9s. 6d. 

WRIGHT.— Hellenica; or, a History of Greece in Greek, 

beginning with the Invasion of Xerxes ; as related by Diodorus and Thucy- 
dides. With Explanatory Notes, Critical and Historical, for the use of 
Schools. By J. WRIGHT, M.A., of Trinity College, Cambridge, and Head- 
Master of Sutton Coldfield Grammar School. 12mo. cloth, Ss. 6d. 
*«* This book is in use in Rugby and other Public and Private Schools. 

WEIGHT.— A Help to Latin Grammar ; 

or, the Form and Use of Words in Latin. With Progressive Exercises. By 
J. WRIGHT, M.A. Crown 8vo. cloth, 4«. 6d, 

WRIGHT.— The Seven Kings of Rome: 

An easy Narrative, abridged from the First Book of Livy by the omission of 
diflScult passages, so as to make a First Construing Book for Beginners of 
Latin. With Grammatical Notes. By J. WRIGHT, M.A. Fcap. 8vo. cloth, 3«. 



THE JOURNAL 

OF 

CLASSICAL AND SAGBED PHILOLOGY. 

No, rilL for June 1 856, is. 
Vol. I. for 1854, and Vol. II. 'for 1855, are now ready, cloth lettered, I2s. 6d, each. 

CAISa CAK BX HAD FOR BIKDIKG VOLS. I. AKD II. 

*«* Three Numbers published annually, at 4s. each. 



««mtir»ge: MACMILLAN k Co. 

l^mllOtl : BSLL & DaLDT, 186, FlEET'BTRXXT. 

Otinbttrg) : Edxovstov ac Dovo&as. €»x(otli : J. H. fr Jas. Paricsk. 
JBatUn: Williax Robertiok. OrlasgolD: J as. Maclxkoss. 



m. CLATi 7RIVTXR, BRXAS iTRXS* BILL. 



